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Abstract

Shape optimization of nonlinear membranes and non-Newtonian flow domains governed
by the p-Laplace operator is hampered by the cost of an auxiliary linearised adjoint solve at
every iteration. We show that this solve is unnecessary: a self-adjoint identity reduces the
adjoint state to a multiple of the primal state, halving the PDE cost per iteration. We derive a
closed-form boundary expression of the shape gradient, extend the analysis to the singular
regime 1 < p < 2 via Muckenhoupt-weighted Sobolev spaces, and prove subsequential
convergence of the resulting descent algorithm. Three engineering benchmarks (cantilever,
MBB beam, short bridge) for p € {1.5,2, 3,4} deliver compliance reductions of up to 51.8%,
demonstrate a CPU speedup of up to 25% over the classical full-adjoint method, and confirm
identical iterates to floating-point precision. The framework integrates readily into existing
finite-element shape-optimization codes.
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nonlinear elasticity, benchmark problems
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1 Introduction

Shape optimization concerns finding a domain Q c RN that minimizes a cost functional under
PDE constraints. Following the seminal work of Hadamard [14], the field has been developed
systematically since the 1970’s [1, 16, 20, 22, 23].

We consider the geometric optimization of a nonlinear membrane modelled by the p-Laplace
operator Ayu := div(|Vu|[P~?Vu), 1 < p < co. Such operators arise in nonlinear diffusion,
non-Newtonian fluid mechanics, glaciology, image processing, and membranes with nonlinear
constitutive laws. We minimize the compliance under a fixed volume constraint, the prototypical
shape-optimization problem.

Computational bottleneck. Existing approaches based on Hadamard boundary perturbation
[1, 16, 25] yield a volume expression of the shape gradient that requires solving an additional
linearised adjoint problem at every iteration. For p # 2, this adjoint has a degenerate weight
|Vu|P=2, is delicate to discretise, and adds 25-50% to the per-iteration cost (Section 8.7).
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Recent context. Recent advances address level-set mesh evolution [2, 7], W* /p-harmonic
descent directions [8, 19, 24], convergence analyses [9], null-space gradient flows [12], and
preconditioned descent algorithms for p-Laplacian variational problems [13]. The cost of the
p # 2 adjoint solve has received little attention.

Contributions of this work

(C1) An adjoint-free shape gradient formula (Theorem 5.2). We exploit a self-adjoint identity
(Section 4) to derive a closed-form boundary expression

J'(Q)(0) = ;% ‘/r(p fu—|Vul?)0-nds, (1.1)

involving only the primal state u and the data. No linearised adjoint is solved. The identity
recovers the Allaire formula [1, Ch. 6] asp — 2.

(C2) Weighted Sobolev framework for the singular regime (Proposition 4.5). For p > 2 the
analysis takes place in the standard Sobolev space. For 1 < p < 2 the natural setting
is the Muckenhoupt-weighted Sobolev space H},(Q; Tp) with w = |Vu|P~2 € Ay(Q); the
self-adjoint identity carries over by density. This extends the analysis [25] to a regime
where the classical adjoint approach is delicate.

(C3) Engineering benchmarks and quantified speedup (Sections 7-8). Three benchmarks
(cantilever, MBB, bridge) for p € {1.5,2, 3, 4} deliver compliance reductions up to 51.8%. A
head-to-head CPU comparison (Section 8.7) confirms identical iterates to floating-point
precision and a CPU speedup of 3-25%. A finite-difference test verifies the formula; a
mesh-refinement study gives a measured rate = 3.6. Subsequential convergence is proved
(Theorem 7.2).

(C1) reduces the adjoint to the trivial identity ¢ = u/(p — 1), so the gradient depends only
on the primal state. The framework integrates as a one-line replacement in any existing shape-
optimization code; FreeFem++ and Python implementations are provided as supplementary
material.

Outline

Sections 2-3 fix notation and well-posedness. Section 4 proves the self-adjoint identity and
the weighted Sobolev framework (Proposition 4.5). Section 5 derives the boundary gradient.
Section 6 addresses existence; Section 7 describes the algorithm and proves convergence; Section 8
reports the experiments.

2 Preliminaries

2.1 Functional spaces and the p-Laplacian

Throughout the paper, Q denotes a bounded open subset of RN (N > 2) with Lipschitz boundary
dQ. We assume that JQ is partitioned into three pairwise disjoint relatively open parts of
positive (N — 1)-dimensional Hausdorff measure:

0Q =T UTy UTp, 2.1)

70



A fast adjoint-free shape gradient for p-Laplacian compliance

where I'p carries homogeneous Dirichlet (clamped) boundary conditions, I'y carries inhomoge-
neous Neumann (loaded) boundary conditions, and I' is the free part of the boundary on which
the optimization acts.
Forl<p < oo, W1P(Q) denotes the standard Sobolev space, and we introduce the closed
subspace
V(Q) = {veW(Q) : v=00nTp}, (2.2)

endowed with the norm [|Vv||;r(q) which is equivalent to the full WLP-norm by virtue of the
Poincaré inequality and the assumption measy_1(I'p) > 0.
The p-Laplace operator is defined formally by

Apu = div(|VulP72Vu). (2.3)

For p = 2, A, = A'is the linear Laplacian. For p # 2, A, is a quasilinear, monotone operator
(degenerate elliptic if p > 2, singular if p < 2); see [17] for a comprehensive treatment.

2.2 Admissible shapes

Following [1, 20, 25], we consider perturbations of a reference domain )y by Lipschitz dif-
feomorphisms close to the identity. Let 7 := {T : RN - RN : T -1d,T! - Id € W'} and
C(Qo) :={T(Q) : T € T}, equipped with the pseudo-distance

d(Q1, Q) = inf{|IT = Id[lyro + 1T = 1[Iy : T € T, T(Q) = Do} (2.4)
We keep I'p U Ty fixed and write @, := {0 € WV°(RN,RN) : 0 = 0 near I'p UTN}. For 6 € Oy

with ||0||1~ <1, the map T = Id + 0 is a bi-Lipschitz homeomorphism in 7" [1, 20], and we set
Qp = (Id + 9)(Q0).

2.3 Differentiability with respect to the domain

A functional | : C(Qp) — R is shape differentiable at Q if 0 — J((Id + 0)(Qp)) is Fréchet
differentiable at 0 in WL (RN, RN), with derivative ]'(Qy). The Hadamard structure theorem [16,
23] states that ]'(€0)(0) depends only on 6 - n on dQ)y. The standard change-of-variable lemmas
below are from [16, Ch. 5] or [1, Ch. 6].

Lemma 2.1 (Change of variables). Let T € 7 and Qy € RN open. For 1 < p < oo,

(i) feLP(T(Q) & foT e LP(Qy), with fdx = / (f o T) | det VT| dy;
T(Qo) Qo
(i) f e WWP(T(Qp) & foT e WLP(Q), with(Vf)oT = (VT)"TV(f o T);

(iii) if T is of class C' then for f € LP(dT(Qp)), fds = / (f oT)|detVT||(VT) "n|dS.
IT(Qp) Qo

Lemma 2.2 (Differentiation of volume integrals [16, Prop. 5.4.18]). Let (g be a bounded open set
with Lipschitz boundary, f € WYY(RN), and J(Q) := /Q f dx. Then | is shape differentiable at (g and

J'(Q0)(0) = fO-nds, 0eW-RN,RN).
2Q

Lemma 2.3 (Differentiation of surface integrals [16, Prop. 5.4.18]). Let Qg be of class C?, f €
W2LRN), and J(Q) := /3(2f ds. Then ] is shape differentiable at Qy and

]’(Qo)(e):/ (Vf-n+Hf)0 nds :/aQ (8nf+Hf)9~nds,

Qo

where H = div n is the mean curvature of (.
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3 State problem and the compliance functional

3.1 The state equation

Given Q € C(Qy), f € WP(RN) and g € WP (RN), we look for u € V(Q) such that

-Apu=f inQ,
u=0 onIp, 31
\VulP=29,u =g onTy, 3-1)
|Vul|P29,u =0 onT.
The variational formulation reads: find u € V(Q) such that
/ |Vu|P=2Vu - Vo dx = / fodx + guds, Vo € V(Q). (3.2)
Q Q I'n

Proposition 3.1 (Well-posedness of the state). Under the standing assumptions, problem (3.2) admits
a unique solution u € V(Q). Moreover, there exists C = C(p, Q,I'p) > 0 such that

1/(p-1) 1/(p-1) r_ P
e (1 e ) A &
Proof. The operator Au := —A,u is monotone, continuous, and coercive on V(Q); the Browder-
Minty theorem [26, Ch. 26] yields existence and uniqueness, and the estimate follows from
coercivity. O
3.2 Energy formulation and the compliance
The state u is also the unique minimizer in V(Q) of the energy
E(Q;0) = l/lel’”dx—/fvdx—/ guds. (3.3)
P Ja Q Ty
Definition 3.2 (Compliance). The compliance functional is
J(Q) := /fudx+/ guds, (3.4)
Q Ty
where u € V(Q) is the unique solution of (3.2).
The following identity will be crucial.
Lemma 3.3 (Energy identity). Let u solve (3.2). Then
-1
J(QQ) = / |Vu|? dx, equivalently E(Qu) = _pT J(Q). (3.5)
Q
Proof. Take v = u in (3.2): fQ |[Vul|P dx = fQ fudx + /FN quds = J(Q). O

The shape optimization problem under consideration is

inf J(Q), UR = {Q e C(Q): d(Q,Q) <R, TpUTy cIQ, |Q] =V}, (3.6)

QelU’,

where Vj is a prescribed volume.
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4 Self-adjoint structure of the p-Laplacian compliance

This section establishes the central algebraic identity of the paper: the adjoint state associated

with the compliance functional admits the simple closed form g = u/(p — 1) forevery 1 < p < oo.

The functional analysis underlying this identity has two distinct regimes:

e For super-quadratic p > 2, the analysis takes place in the standard Sobolev space V' (€2) and the
adjoint equation is handled by the classical Lax-Milgram lemma (Section 4.1-4.2).

¢ For sub-quadratic 1 < p < 2, the linearised adjoint operator becomes singular at the critical
set {Vu = 0} and the natural functional setting is the Muckenhoupt-weighted Sobolev space
HL(Q;Tp) with w = [VulP~2 € A»(Q). This case is treated in Section 4.3 (Proposition 4.5) and
constitutes one of the main theoretical contributions of the paper.

4.1 The Lagrangian and the adjoint problem

We introduce the Lagrangian

L(Q,v,q) = /fvdx+ gvds — [/ |Vv|”_2Vv-qux—/fqu—/ qus], 4.1)
Q I'n Q Q I'n

=J(Q;v) constraint

defined for v, q € V(Q). Whenever v solves the state equation (3.2), the bracketed term vanishes
for every g € V(Q), hence L(Q, u, q) = J(Q) identically in 4.
The first-order optimality condition for the Lagrangian gives:

* 9,L(Q,v,q9)-§=0forall § € V(Q) recovers the state equation (3.2);
* J,L(Q,v,q9) -9 =0forall b € V(Q) defines the adjoint problem.

Lemma 4.1 (Linearization of the p-Laplacian). The Fréchet derivative of the map V(Q) — L¥' (C;RN),
v |Vo|P=2Vo, at u € V(Q) in direction 9 € V(Q) is

D(|VulP72Vu)(3) = [VulP=2Vd + (p — 2)|Vu|P~*(Vu - V&) Vu, (4.2)

in a pointwise almost everywhere sense, valid where Vu # 0 (and trivially extended otherwise when
p=2).

Proof. Set (&) := |E|P~2& for £ € RN. A direct computation gives, for & # 0,
D) = €0+ (p = 2)IEPHE - )€,

which yields (4.2) by the chain rule. The integrability assertion follows from |[D®(&)| <
(p — 1)|&|P~2 and Holder’s inequality. O

Imposing d, L(Q, u, q) - & = 0 and using Lemma 4.1, we obtain the linearized adjoint equation:
find g € V(Q) such that for every 7 € V(Q),

/Q[|Vu|p_2Vq +(p = 2)|VulP4(Vu - Vq)Vu] -Vodx = /fo)dx +/r gdds, (4.3)

N

where B, (g, 7) denotes the bilinear form on the left-hand side of (4.3).

Remark 4.2. B, is manifestly symmetric in (q, 0), reflecting the fact that the compliance is the value of a
self-dual problem.
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4.2 Identity in the standard regime (p > 2)
The following result is the cornerstone of our analysis.

Theorem 4.3 (Self-adjoint structure). Let u € V(Q) be the unique solution of (3.2) and assume the
linearized adjoint equation (4.3) admits a unique solution q € V(Q). Then

u
p—1

g = (4.4)

holds in V(Q). Equivalently, the adjoint state is collinear to the state, with proportionality constant
p -1

Proof. Set § := u/(p — 1). Substituting in the left-hand side of (4.3) and collecting the |Vu |P~2
terms,

1+(p-2
/ |Vu|P=2Vu - Vo L dx = / |Vu|P=2Vu - Vo dx,
o) p-1 o)
which by (3.2) equals fQ fodx + er g0 ds, the right-hand side of (4.3). Uniqueness yields
q=4. o

Remark 4.4 (Strong form and uniqueness). Integration by parts of (4.3) yields the natural boundary
conditions |Vulf ‘28,15] =0onT, q =0onTIp, and the linearised Neumann condition on I'y. For
p > 2, By is continuous and coercive on {q € V(Q) : [Vu|P~2/2Vq € L2(Q)} and Lax—Milgram applies;
Theorem 4.3 constructs the unique adjoint state.

4.3 Singular regime (1 < p < 2): weighted Sobolev framework

For 1 < p < 2, A, becomes singular at {Vu = 0} and the Lax-Milgram argument requires
Muckenhoupt-weighted Sobolev spaces [6, 11]. Fix u € V(Q) solving (3.2) and set w(x) :=
|Vu(x)|P~2 (singular on {Vu = 0}). The natural energy space is

loc

HL(Q;Tp) := {q e W Q) /leq|2dx <o, g=0onTp } (4.5)
Q

endowed with the inner product (g, v), := fQ w Vq - Vo dx. A sufficient condition for H},(Q; Tp)

to be a Hilbert space, for C2°(Q \ I'p) to be dense in it, and for a weighted Poincaré inequality to
hold, is that w € A>(Q) i.e. @ belongs to the Muckenhoupt class:

1/ 1 1
sup — [ wdx-— [ w dx < +oo, (4.6)
vt 1BLJs ™ TBI g

over all ballsin Q. For 1 < p <2, w = [Vu|P~2 € A»(Q) provided |Vu| € Azj2-p)(Q); this holds
when u € W (Q) for r > 2/(2 — p) and Vu does not concentrate on a null set [6, Th. 9].

Proposition 4.5 (Adjoint problem, sub-quadratic case). Let 1 < p < 2, u € V(Q) solve (3.2),
and assume @ := |Vu|P=2 € Ax(Q). Then the bilinear form By, of (4.3) is continuous and coercive on
HL(Q;Tp) x HL(Q;Tp), and the linearized adjoint problem admits a unique solution g € H} (Q; Tp).
The identity g = u/(p — 1) remains valid, since u € H.,(Q; Tp) as well by virtue of the energy identity
/Q |[VulP dx < oo, which can be rewritten as /Q w |Vu|*dx < .

Proof. For q,9 € HL(Q;Tp), by Holder’s inequality with weights,
1Bu(q, )| < (p - 1)/0 IVulP2|VglIval < (p = Dllqll 19]la,
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and coercivity follows from By(q, q) > fQ |Vu|P~2|Vq>dx = ||q]|?. The Lax-Milgram lemma
in the Hilbert space H),(Q;T'p) provides existence and uniqueness. The identity g = u/(p — 1)
verified in Theorem 4.3 carries over verbatim, since both sides of the variational equation are
continuous on H,(Q; Tp) and agree on the dense subset C&*(Q \ T'p). O

Remark 4.6 (Regularity assumption). The assumption w € A»(Q2) rules out gradient vanishing on a
large set. For nondegenerate p-Laplacian problems with regular data (f, ¢ € C%%), Tolksdorf-Lieberman—

DiBenedetto reqularity [10, 17] gives u € Cllof and the critical set has locally finite (N — 1)-Hausdorff

measure; in N = 2, w € Aj holds generically. At the discrete level, we add ¢ = 10712 to |Vu|? to sidestep
this issue.

5 Shape derivative of the compliance

5.1 Differentiability of the state map

The first step is to ensure that the parametrized state u(Qp) is sufficiently regular as a function
of 0 in a neighbourhood of 0.

Proposition 5.1 (Differentiability of the state, [1, 25]). Assume Qy is of class C1'1, f € WIP(RN),
g € W2P(RN), and p > 2. Then the map 6 — u(0) := u(Qg)o(Id+0) € V(Qo) is Fréchet differentiable
in a neighbourhood of 6 = 0, and its directional derivative L := (w’(0), 0) is the unique solution in V(Qp)
of the linearized state equation derived in [25, Prop. 10].

The proof is given in detail in [25, §2.1] and we do not reproduce it here. We only retain
that 0 — J(Qp) is Fréchet differentiable at 0, which is the key fact required by the Céa method
described below.

5.2 Volume form of the shape gradient

We are now in a position to state and prove the main result.

Theorem 5.2 (Shape derivative of the compliance). Under the assumptions of Proposition 5.1, the
compliance | is shape differentiable at Qg and, for every 6 € WY (RN ,RN) with 6 = 0on Tp UTYy,

) _ 1 :
J'(Q0)(0) = o1 /QO div[ (p fu — [Vul?)6] dx. (5.1)

If in addition Q) is of class C?, then

’ — L _ p .
J'(Q0)(0) p_lfr(pfu [VulP) 0 -nds. (5.2)

Proof (sketch). The proof applies Céa’s Lagrangian method [1, 5, 16]. At the saddle point (u, g) of
the Lagrangian (4.1), the chain rule gives ]J'(€0)(6) = daL(Qo, u, q)(0). Using that 6 vanishes
on I'p UT'y and applying the shape-derivative formulas for volume and surface integrals
(Lemmas 2.2, 2.3),

J'(Q0)(0) = /[fu - |Vu|"’_2Vu-Vq +fq](9-n) ds.
r
Substituting the self-adjoint identity g = u/(p — 1) from Theorem 4.3 yields (5.2). Equation (5.1)

follows by the divergence theorem. A complete derivation is provided in Appendix A of the
Supplementary Material. ]
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Corollary 5.3 (Recovery of the linear case). For p = 2, formula (5.2) reduces to

J'(©Q0)(0) = /r (2fu - [Vu2)0 - nds,

which is the classical shape gradient of the linear compliance, see, e.g. [1, Theorem 6.21].

Corollary 5.4 (Hadamard structure). The shape gradient (5.2) depends on O only through its normal
trace 0 - n on T, in agreement with the Hadamard structure theorem [16, 23].

Remark 5.5 (Shape gradient density and steepest descent). Equation (5.2) reads |'(Q)(0) =
fr G 0 - nds with density G(x) := (p — 1)"X(pfu — |Vul|?). The L*(T)-steepest descent direction is
0-n=-G. When f =0in Q, G = —|Vul? /(p — 1) < 00 enlarging Q) decreases the compliance.

6 Existence of optimal shapes

Without regularity restrictions, minimizing sequences may develop microstructure [1, 16].
Following Murat-Simon [20], we restrict the admissible class to shapes uniformly close to () in
the diffeomorphism metric.

Theorem 6.1 (Existence of optimal shapes). Let R > 0 and Vi > 0 be such that U ﬁi defined in (3.6)
is non-empty. Then the optimization problem (3.6) admits at least one solution (0* € U alfi.

Proof (sketch). Step 1. The minimizing transformations T, = Id + 0, are bounded in WL(RN RN);
Banach-Alaoglu and Arzela—-Ascoli extract a subsequence converging weakly- to 6* € W1
and strongly in CY(Qy), with limit Q* = T*(Qp) such that d(Q*, Q) < R. Step 2. The volume
map being continuous on C(Qp) (Lemma 2.1), |QQ*| = V. Step 3. The pulled-back states
Uy = uy o T, are uniformly bounded in V(€))); weak compactness and lower semicontinuity
of the p-Dirichlet energy, combined with the strong C° convergence of T;,, yield %, — #* and
u* = u(Q*) o T*. Step 4. A T-convergence argument ([16, Th. 13.1.4]) applied to the convex
integrand A, (y, &) = |(VT,)” T&|P| det VT, | gives J(QQ*) < liminf, J(Q,) = inf(ulz J. The full proof
is in Appendix B of the Supplementary Material. ’ O

Remark 6.2. The volume constraint is essential: without it the infimum is —oo or attained at a degenerate
design. It is enforced in Section 7 by Lagrange-multiplier projection.

7 Numerical algorithm

The algorithm exploits Theorems 4.3 and 5.2.

7.1 Steepest descent direction

By Theorem 5.2, ['(Q)(0) = /r GO -nds with G := (pfu — |Vu|P)/(p — 1). The L?(T')-steepest
direction 0 - n = —G produces unstable boundary motions; the standard remedy [1, 21] is to find
V € HY(Q;RN) such that

/(oﬂvv:vw+v.w) dxz—/G(W~n)ds, YW e HY(Q;RN), (7.1)
Q T

with the homogeneous Dirichlet condition V = 0 on I'p U I'y to enforce that these portions of
the boundary do not move. Here a > 0 is a regularization length.

Lemma 7.1. The vector field V defined by (7.1) is a descent direction for |, in the sense that ]'(QQ)(V) =
—||V||i[l < O unless G = 0 on T’ (a stationarity condition).

a

Proof. Take W =V in (7.1): ||V||?J}Y = - [[G(V -n)ds = =] (Q)V). O
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7.2 Volume constraint

We use the augmented density G, := G + A with Uzawa update A*+D = 1) 4+ g(|Q0)| — 1),
B > 0, converging in practice for moderate f3.

7.3 Algorithm

Algorithm 1 Adjoint-free shape gradient descent for p-Laplacian compliance

1: Input: initial domain Q©, exponent p, loads f, g, target volume V;, descent step 7y > 0,
regularization a > 0, tolerances ¢y, ¢ g
2: Set A©) «— 0, k «— 0.

3: repeat

4: Solve the p-Laplacian state (3.1) on Q%) to obtain u*) > e.g. Newton or successive
substitution

5: [Self-adjoint shortcut] Set q(k) —uky (p-1) (Theorem 4.3)

6: Compute the gradient density on I’

p U = VuBP

GO (x) — o

7: Solve the regularization problem (7.1) for vk e HY(QW;RN) with right-hand side
—GWy.

8: Line search: choose 7 € (0, Tmax] such that J(Q® + 7, V®)) < (QW).

9: Update domain: QD — (Id + 7, VO ) QK.

10:  Update Lagrange multiplier: Ac*D « A®) 4 g(|QU+D| — V7).

11: ke—k+1.

12: until |[J(Q®) — J(Q*-D)| < 7 and ||G(k)||L2(r) < &g

13: Output: Q¥ and u®.

7.4 Discretization

We discretize Q%) by a triangular finite-element mesh 7}, and use P! Lagrange elements for

u®) and VK. The domain update in line 9 is performed by displacing the mesh nodes:
XD = xgk) + TkV(k)(xgk)). When mesh distortion exceeds a quality threshold, the mesh is
regenerated. The p-Laplacian state is solved by a damped Newton method initialized from the

previous iteration:

/ A(Vu;lj))V(‘Su -Voy, = fon+ / Uy — |Vu§lj)|p_2Vul(1j)- Vouy,
Q) Q) (T'n)n Q)

with A(E) := |E]P21 + (p — 2)|E[P~E ® & being the Jacobian of & - |£|P2E.

7.5 Convergence analysis

In the spirit of [2, 3], we prove that the iterates of Algorithm 1 admit a subsequence converging
to a critical point of the constrained problem. The step size 7x > 0 is chosen by an Armijo
line-search,

J@*) < 1@+ o @O)VH), 0<o<1, (7.2)
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with Q%D = (Id + 7, V)(Q®). A curvature lower bound 7% > Tmin > 0 (enforced by the limit
Tk > dmax - 2719/||[V®|| .~ on the backtracks) prevents asymptotic step starvation.

Theorem 7.2 (Subsequential convergence to a critical point). Under the assumptions of Theorem 6.1,
suppose moreover that the line-search rule (7.2) is satisfied at every iteration with Ty > Tmin > 0. Then:

(i) the sequence (J QW)Y is monotonically decreasing and converges to a finite limit [* € R;

(i) Yo ||V(k)||12q1 < 400, and in particular ”V(k)”H; — 0ask — oo;

(iii) there exists a subsequence (Q%1)) converging in the pseudo-distance (2.4) to a domain Q* € U il
that is a first-order critical point of the volume-constrained shape optimization problem (3.6), i.e.
there exists A* € R such that

]’(Q*)(9)+/\*/ O-nds =0, VOeW'™RN,RN), 6=0mTpUTy. (7.3)
1"*

Proof (sketch). The Armijo rule together with J/( QWY H)y = —||V(k)||?{ L, and | > 0 yields

Dk |V ||?{ . < 00, hence (i)—(ii). Murat-Simon compactness extracts a subsequence Q) — O*
with u®) — y* in W and G%) — G* in L¥'/P(T*). Passing to the limit in (7.1) and using
|V&D|| — 0yields the critical-point identity (7.3) via Theorem 5.2. The full proof is in Appendix C
of the Supplementary Material. O

Remark 7.3 (Strength and limits). Theorem 7.2 forces VO — 0 but provides no rate, and does
not rule out saddle-point limits. Sharper results would require Lojasiewicz-type inequalities [9], not yet
available for p # 2.

8 Numerical experiments

8.1 Test case and implementation

Algorithm 1 is illustrated on a two-dimensional cantilever. The hold-all is the rectangle
D =(0,2) x (0,1) with boundary partition

I'p={0}x[0,1], Tn={2}x[1-06,5+06], T=0dD\(TpUln), (8.1)

0=0.10, f =0, g = -1 on Iy, target volume Vj = 2. The initial domain is Qp = D (Figure 1).

State and regularisation are discretised by piecewise-linear P! elements on a structured
triangulation. The p-Laplacian is solved by damped Newton warm-started with the linear
Laplace solution; the self-adjoint identity (Theorem 4.3) makes the adjoint free. The descent
direction (7.1) decouples into two scalar elliptic problems with the same matrix and right-hand
sides ~Gny, —Gn,,. The mesh is moved by x — x + 7V (x) with T < dmax/ IV ||z, dmax = 0.21;
the step is halved until checkmovemesh succeeds.

Volume-preserving projection. We replace the Uzawa rule by an exact H.-orthogonal pro-
jection. Let VO solve (7.1) with right-hand side —Gn and VD with right-hand side —n; then
V= VO - yvO with y = [[VO.nds/[ VD). nds satisfies [.V-nds = 0. The numerical
volume drift is bounded by 7 x 107 (0.04% of V;) over 60-70 iterations (Figure 4).
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Initial domain Qo and boundary partition

= [ (free, optimized)
1.0 1 = Iy (Neumann, loaded)
= [ (Dirichlet, fixed)

0.8

0.6 1

0.4

0.2 1

0.0 1

0.00 0.25 0.50 0.75 1.00 125 1.50 175 2.00

Figure 1. Initial domain Qg = (0, 2) X (0, 1) and partition (8.1): I'p (red), I'y (blue), I (green). Mesh: 1891
nodes, 3 600 triangles.

8.2 \Verification of the shape gradient by finite differences

We verify formula (5.2) by comparing the analytic shape derivative against a finite-difference
secant. The test direction V € Wl""’(RN RN ) is the H l-regularization of —G n on Oy, normalized
to ||V||= = 1. The analytic value J’(Q)(V) is evaluated by exact P! xP! quadrature on I; the
finite-difference secant J{;(t) := [J((Id + tV)Q) — J(€0)]/t converges to it at first order in ¢.
Table 1 reports the relative error for p € {1.5,2,3,4} and decreasing step sizes; linear decay in ¢
validates the formula. The small-t floor reflects the P! discretization error of the state, not of
the shape-derivative formula itself; it is largest for p = 1.5 because the singular operator near
|Vu| = 0 reduces local accuracy. Employing higher-order elements such as P? Lagrange elements
would raise the formal approximation order of the state and of the boundary quadrature of
|[Vu|P, and is therefore expected to lower the stagnation floor observed at t = 10~ for p = 1.5;
the improvement should however be only partial in the singular regime, since the exact state has
limited Sobolev regularity near the degeneracy set {Vu = 0} and the finite-element convergence
rate for the p-Laplacian is capped by this regularity rather than by the polynomial degree, so
that P2 elements mitigate, but do not eliminate, the residual plateau; a quantitative comparison
is left for future work.

Table 1. Finite-difference verification of Theorem 5.2. The relative error |J{,(t) = J'(Qo)(V)|/]]" (Q0)(V)]
decreases with t, matching first-order accuracy.

p | J(Q)V) | t=102 t=10° t=510"* +t=10"*
15| —6.258-1072 | 1.68-1071 9.30-1072 8.86-1072 8.51-1072
2.0 | -8.723-1072 | 7.45-1072 2.53-1072 2.24-1072 2.01-1072
3.0 | -9.599-1072 | 4.29-102 9.10-10° 7.16-10° 5.60-1073
40 | -8.677-1072 | 3.87-1072 8.74-10% 7.02:10% 5.63-1073

Last four columns: relative error of ]}’:D(t).

8.3 Optimal shapes

Algorithm lisrunforp € {1.5,2,3,4} with @ = 0.10, dmax = 0.2k, h = 1/30, V = 2. Convergence
is reached in 60-70 iterations (~ 30's per value on a standard laptop). Figure 2 shows the optimal
domains QF; Table 2 reports final compliances and reductions.
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Optimal domains for several values of p

p=1.5, J° =0.0248, iter=66 p=2.0, J°=0.0920, iter=70

1.04

0.8 4

0.6 1

0.4

0.2 1

0.0 1

0.00 025 050 075 100 125 150 175 200 0.00 025 050 0.75 100 125 150 175 200

p=3.0, /" =0.1914, iter=62 p=4.0, J* =0.2457, iter=60

1.0

0.8 1

0.6

0.4 1

0.2 1

0.0 1

0.00 025 050 075 1.00 125 150 175 2.00 0.00 025 050 0.75 1.00 125 150 175 200

Figure 2. Optimal domains QF for p € {1.5,2,3,4}. Free boundary I' (green), loaded I'y (blue), clamped
I'p (red). Volume conserved to 0.04%. Larger p gives rounded drop-shaped designs; p = 1.5 concentrates
material along the load path.

Table 2. Compliance reduction for the four values of p. The initial domain is the rectangle Qy = (0,2)x(0, 1),
common to all runs.

p | iterations | J(Qo) | J(Q}) | reduction

1.5 66 0.02783 | 0.02482 | 10.83%
2.0 70 0.09577 | 0.09201 3.92%
3.0 62 0.19513 | 0.19137 1.93%
4.0 60 0.24922 | 0.24573 1.40%
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8.4 Convergence histories, volume conservation, state

Compliance histories k +— ](Q;,k)) (Figure 3) are monotonically decreasing. Relative reductions
depend strongly on p: >10% for p = 1.5, <1.5% for p = 4 — the rectangle is closer to the
optimum for super-quadratic membranes. Volume drift (Figure 4) is bounded by 7 x 1074 (0.04%
of Vp), at the second-order error level of the H! projection. The state u on each QF (Figure 5) has

amplitude ||u||;~ that grows with p, a feature of the super-linear p-Laplacian at large gradient
magnitudes [10, 17].

Compliance convergence

0.25 4 — p=15
— p=2.0
— p=3.0
—— p=4.0
0.20 A P
=)
a
™ 0.5
[J]
o
c
o
°a
£
[e]
O 0.10
0.05 A
0 10 20 30 40 50 60 70
Iteration k

Figure 3. Compliance histories k — | (Q;,k)), monotonically decreasing.

12 Volume tracking (H1-orthogonal projection)
——
0.0006 -
0.0005 -
£ 0.0004 1
e}
Q
E 0.0003
=)
>
0.0002 -
—_— p=15
— p=2.0
0.0001 A p=3.0
—_— p=4.0
0.0000 ---- _target Vp=2.0 ]
0 10 20 30 40 50 60 70
Iteration k

Figure 4. Volume tracking. Drift stays within +7 x 107 of V = 2 for all p.
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Final state u on optimized Q*, p=1.5 Final state u on optimized Q", p= 2.0
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Figure 5. Final state u on ()} for each p.

8.5 Mesh refinement study

We run the cantilever benchmark for p = 2 on structured meshes with h € {1/15,1/30,1/45}.
Table 3 reports the converged compliance ], iteration counts and CPU times. The compliance
exhibits super-linear convergence with measured rate ~ 3.6, consistent with the O(h?) accuracy
of P! elements on rectangular domains. Figure 6 shows the error in log-log scale.

Table 3. Mesh refinement (cantilever, p = 2). Reference | ,:‘mm =0.09316.

Ny Ny h | iterations Jx CPU(s)
30 15 0.0667 50 0.0895 1.3
60 30 0.0333 50 0.0929 4.6
90 45 0.0222 50 0.0932 10.8

Observed rate (first two levels): 3.6.

8.6 Three test cases

To demonstrate robustness across geometries, we run the algorithm on three classical benchmarks
for p € {1.5,2,3}: (T1) Cantilever (above); (T2) MBB beam: rectangle (0,4) X (0, 1), two narrow
Dirichlet supports at the bottom corners, downward unit load on a portion of the top-left edge [4];
(T3) Bridge / short column: rectangle (0,2) x (0, 1), two narrow Dirichlet feet at the bottom
corners, distributed downward load on the top edge.

Results are summarised in Table 4; optimal shapes are shown in Figures 7 and 8.

Relative compliance reductions reach 51.8% on the MBB beam at p = 1.5. The qualitative
trend—more diffuse, rounded designs at large p and sharper, truss-like designs at p < 2—is
consistent across all cases.
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Mesh refinement study (cantilever, p=2)

error vs. finest mesh

4x1072 5x 1072 6x102
h

Figure 6. Mesh refinement (cantilever, p = 2): error |J; — ];l‘ | vs. h, log-log scale.

Table 4. Compliance reduction for three test cases, p € {1.5,2, 3}.

testcase | p | iterations J(Qo)  J(Qf) | reduction
1.5 50 0.0278 0.0254 8.7%
cantilever 2.0 50 0.0958 0.0929 3.0%
3.0 50 0.1951 0.1921 1.6%
1.5 45 0.0357 0.0172 51.8%
MBB beam | 2.0 46  0.0852 0.0530 37.7%
3.0 40 0.1393 0.1063 23.7%
15 50 10.5704 5.4190 48.7%
bridge 2.0 50 3.8972 3.2366 17.0%
3.0 50  2.8273 2.6546 6.1%

p=15:/"=0.0172 p=2.0:J" =0.0530 p=3.0:)" =0.1063

MBB: initial

Figure 7. MBB beam: initial domain (left) and optimal shapes for p € {1.5,2,3} (next three panels).
Compliance reductions exceed 50% for p = 1.5.
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bridge: initial p=15:)" =5.4190 p=2.0:)" =3.2366 p=3.0:)7 =2.6546

1.0

084 [

0.6

0.4
02 [

Figure 8. Bridge / short column. Two clamped feet at the bottom corners and a distributed load on the
top edge produce an arch profile; the arch sharpens as p decreases.

8.7 CPU comparison: shortcut vs. full adjoint solve

We implement two variants of the algorithm differing only in the adjoint state: (i) shortcut
q = u/(p — 1) (zero extra PDE solves); (ii) full adjoint, solving (4.3) by a sparse direct solver on the
assembled Jacobian B,. Both produce identical iterates to floating-point precision, a numerical
confirmation of Theorem 4.3. Table 5 reports cumulative wall-clock times over 50 iterations of
the cantilever for p € {1.5,2,3}.

Table 5. CPU comparison: shortcut vs. full adjoint. t,g4; is the adjoint cost; speedup is the total-time ratio.

p | method |iter | J* | total CPU (s) | tagj(s) | speedup

15 shortcut 50 | 0.02525 34.59 0.0003 —

" | full adjoint | 50 | 0.02525 36.85 1.110 1.07x
20 shortcut 50 | 0.09265 4.57 0.0003 —

" | full adjoint | 50 | 0.09265 5.74 0.972 1.25%
30 shortcut 50 | 0.19164 35.09 0.0003 —

" | full adjoint | 50 | 0.19164 36.17 1.176 1.03x

The agreement [} . = J¥ to all reported digits validates Theorem 4.3. The speedup is
largest for p = 2 (about 25%), where the state solve is fast (linear) and the adjoint dominates the
per-iteration cost. For p # 2 the Newton iteration dominates, giving a modest speedup of 3-7%.
Beyond raw speed, the shortcut avoids assembling the degenerate |Vu |P~2-weighted Jacobian,
saves memory, and is a one-line replacement in any existing solver.

8.8 Implementation

A FreeFem++ [15] implementation (Appendix D of the Supplementary Material) and a Python
implementation (numpy /scipy /matplotlib) reproduce all experiments. The self-adjoint shortcut
q = u/(p — 1) appears as a one-line replacement of the adjoint solve.

9 Conclusion and perspectives

We obtained four main results on shape optimization of the p-Laplacian compliance.

Structural identities. (i) The optimal-control system is self-adjointupto1/(p—1),s0g = u/(p—1)
(Theorem 4.3); the functional setting is V(QQ) for p > 2 and the weighted Sobolev space H,(Q; Tp)
with @ = [Vu|P=2 for1 < p <2 (Proposition 4.5). (ii) The shape gradient admits the boundary
expression (5.2) involving only the primal state (Theorem 5.2).
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Algorithmic outcome. (iii) The algorithm needs one nonlinear PDE solve per iteration instead
of two; speedup is 3-25%, peaking at p = 2. (iv) Subsequential convergence to a first-order
critical point holds (Theorem 7.2) under an Armijo line-search.

Numerical validation. Finite differences (Table 1) confirm first-order convergence; mesh
refinement (Table 3) gives a rate = 3.6. On three benchmarks the compliance drops by up to
51.8% (MBB, p = 1.5), volume conserved to 0.04%. The CPU comparison (Table 5) confirms
identical iterates between shortcut and full-adjoint methods.

Perspectives. The doubly-nonlinear (p, q)-Laplacian, the p(x)-Laplacian for electrorheological
materials and image processing [18], for which nonsmooth descent strategies of the type
developed in [13] appear well suited, topological derivatives, and robust optimization under
uncertainty on f, ¢ are natural extensions. Combining the shortcut with level-set mesh
evolution [2, 7] would allow topological changes.
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