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1. Introduction

In 1947, E. Artin introduced the study of braids with his pioneering paper called Theory
of Braids (see [1]), which is directly related to knots and links theory. Although braids,
links and knots had already been discussed earlier, Artin showed two important results for
the theory: the presentation and representation theorems for the braid group on the disk,
namely B, also known as the Artin Braid Group. For our purposes here, we focus on the
first result: a presentation of a group is a way to represent a group by generators and rela-
tions. The braid group is a group of equivalence classes, where the equivalence relation is
isotopy (or, more formally, ambient isotopy). However, in the same paper Artin proposed
the idea of homotopy braids: essentially, it is the same set divided into equivalence classes
using the equivalence relation of homotopy. The operation (concatenation) remains the
same among braids. Accordingly, he posed the following questions: would the homotopy
braids on the disk have the same properties, group structure and presentation as braid

groups? Otherwise, what are its differences?

Goldsmith [5] answered all these questions: in fact, she proved that the group
structures are different, making it explicit when certain types of braids are not trivial up to
isotopy but trivial up to homotopy, called link homotopically trivial braids, namely, H,,.
Furthermore, she provided a explicit description of /,, and a presentation for homotopy
braid groups on the disk, denoted by En, which is the quotient of B,, by H,,. Homotopy

has been discussed since the beginning of the formalization of the studies of braid groups
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presented by Artin. However, homotopy braid theory was formalized by Milnor some
years after Artin’s seminal paper in [11] and it has been extended with the works [8, 9,
14]]. Moreover, there is still a slight difference between the concepts of string links given
in [11} [14] and of homotopy braids given in [S)]: string links are pure braids, either on
the disk or on surfaces, with the monotonicity requirement relaxed, whereas homotopy
braids are braids on the disk (not necessarily pure) with the monotonicity requirement
relaxed. Consequently, we see that the most recent works are restricted to the pure case
and, therefore, was reasonable to inquire about the general case, as provided in [12],
namely, En(M ), the group of generalized string links over surfaces. Still in [12], was
provided a exact sequence relating the braid group over surfaces, B, (M), described in
[6]] and the generalized string links over surfaces, ]§n(M ), giving us a important tool for

the famous open question about the left orderability of B, (M) [3,[7].

In [12] we formalize the definitons: generalized string links over surfaces (ori-
entable different from the sphere) are homotopy braids over surfaces with non trivial per-
mutation induced by its strands. For the particular case when the permutation induced by
the strands of a generalized string link is trivial, we call simply string links over surfaces
[14,112].

When we put exact sequences and presentations (finitely) of groups together,
it is possible to obtain precious results in orderability theory for braids as we see in
(3, 114} [13} [12]]. From this notion and considering the fact generalized string links is a
recently object to be explored (although it is already a structure used in other areas be-
yond mathematics[10]), we present a new exact sequence, relating the normal subgroup
of l§n(M ), called the group of string links over surfaces (pure), namely, @n(M ) PB,
and the direct product of fundamental group of M, namely, 7, (M )", extending the exact
sequence given in [4]].

This paper is organized as follows: in Section [2] we state results about generalized
string links over surfaces that will be useful for our purposes including giving details
about the structures mentioned in this section. In Section [3| we provide the main result of

this paper, the exact sequence and the proof of its well definition, extending [4].

2. Homotopy Generalized String Links

2.1. Braids over Surfaces

Definition 2.1. [[6, p.431] Let M be a closed surface, not necessarily orientable, and let
P ={P,...,P,} beasetof n distinct points of M. A geometric braid over M based at
P is an n-tuple v = (71, ..., 7V,) of paths, 7, : [0, 1] — M, such that:

(1) %(0) = P, foralli =1,...,n,
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(2) v(1) e P, foralli =1,...,n,
(3) {mn(t),...,va(t)} are n distinct points of M, for all ¢ € [0, 1].

Forall: =1,...,n, we will call ; the i-th strands (or strings) of .

k1 P

Figure 1. A braid "through the wall” s over the 2-dimensional torus.

We say two geometric braids 5 and « are isotopic if there exists an ambient isotopy
which deforms one to the other, with endpoints fixed during the deformation process. The
set of all equivalence classes of geometric braids on n-strands on the surface M forms a
group called the braid group on n strings on a surface M, namely B,,(M ), equipped with
the operation (product) called concatenation. The inverse of each braid v is given by the
mirror reflection of . If the surface M is the disk D, then B, (D) is the classical Artin
braid group, namely, B,,. [1, 2]

-

5w 5o

Figure 2. Two isotopic braids.
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Let PB, (M) be the pure braid group over M, which is a normal subgroup of
B,,(M), defined by braids which has the trivial permutation induced by their strands,

given in [6].

Theorem 2.2. [[6, Theorem 4.2] If M is a closed, connected and orientable surface of
genus g > 1 (different from the sphere), then P B,,(M) admits the following presentation:

Generators: {a;,; 1 <i<n, 1 <r <29} U{Tji; 1<j<k<n}

Relations:

n—1

-1 -1 —1 _ -1 A

(PRD) ayjayh - an b anians -~ anzg = || Tty Tins
=1

(PR2) ai,TAj,s = Aj,sai,ra 1<i< <1 <rs< 2g;r 75 Sy
-1 —1y 4—1 -1 .
(PR3) (a1~ air) Ajrlag, a0y ) A, = Tig Ty s, 1<i<j<nl<r<2g
(PRA) T; j Ty = Tk Ti 5, 1<i<j<k<l<norl<i<k<l<j<n;
— -1 —1 -1 . .
(PRS) Tk,lﬂ,jTh; = 11}7];_11"7;’]{ ]"7;,]'1";71 Ij’i,kjlk_lﬂ’l, 1 <1< k < j< l <
(PRO) a;; Tj 1 = T ki, 1<i<j<k<norl<j<k<i<n;l<r<2g
- - -1 -1 .
(PRT) aiyr(ajq 051 Typttizg -~ a51) = (0535~ @51 Tikayog -+ a51)air 1<j <ishs
n,
j—1
L -1 -1 1 -1
(PR8) Tjn = (H Gpag @1 Lig—1T; jaiy - awg) a1 Aj29050 " Qjag
i=1
Where
—1 —1
Aj,S = aj,l Y aj,S—laj,s-H o .. aj729’
2
T’i,j = 0i0i41° 020 102" 0;410;.

T T/ R T ¢ R B P@wﬁ

Wi 7 exn Wi | ¢ ohd

Figure 3. Generators of PB,,(M).
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Theorem 2.3. [6, Theorem 2.1] If M is a closed, orientable surface of genus g > 1, then
B, (M) admits the following presentation:

Generators: 0y,...,0,_1,011,. .., 41 2.

Relations:
R1) o,0; = 0j0;, li — 7] > 2;
(R2) 0014107 = 011100441, 1<i<n—-2;

-1 -1 _ 2
R3) a11--- 129017 " Oy = 01" On—20, 10p—2°""01,

(R4) al,rAZ,s = AZ,Sal,T7 1< r,s < 29a r 7& =h
(R5) (a1 - a1,)Asy =01 As,(a11 - a1y), 1 <r<2g;
(R6) a1,0; = 0501, 1<r<2g12>2

If M 1is the unit disk, the presentation of Theorem is reduced to Artin’s pre-

sentations given in [1]].

W
nd B ®

/O\:.\’,(’.WW“ /O\LX\(‘OQ&

2
e
$‘@

Figure 4. Generators of B,,(M).

The relevance of the Theorems @ and @ above, is about knowing the charac-
terization given in [6] of the structures of the braid group over surfaces and of the pure
braid group over surfaces, namely, B, (M) and PB, (M), since they are needed to con-
struct the generalized string links over surfaces, namely, Z?;(M ) and ﬁEn(M ). These

constructions will be present in the next section.
2.2. Generalized String Links over Surfaces

Letusset [ = I; = [0,1], foralli =1,2,...,n.

Definition 2.4. [12, Definition 3.1] A generalized string link o on n strands on a surface
M is a smooth or piecewise linear proper embedding o : [ [\, I, — M x I, which fulfills

the two following conditions:

) U|(Ii(0)) = (P’MO)’
(i) olnay € {(Pr, 1), (Po, 1)},
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where ;(t) =t € I;,forall t and foralli = 1,... n.

1
F/)
A,

Figure 5. A generalized string link o over the 2-dimensional torus.

Here, we orient the strands downwards from M x {0} to M x {1}. Besides, an
ambient isotopy between generalized string links o and ¢’ is an orientation-preserving
diffeomorphism of A x I which maps o onto o', keeping the boundary M x {0,1}
point-wise fixed and is isotopic to the identity, relative to M x {0, 1}.

When o

generalized string link described in [14]]. When the surface in question is the disk D, we

(1,00 = (P, 1), we just obtain a string link, i.e., a string link is a pure

have the homotopy braids described in [3].

Definition 2.5. [8] Two generalized string links ¢ and ¢’ are link-homotopic if there is a
homotopy of the strings in M x I, fixing M x {0, 1} and deforming o to o, such that the
images of different strings remain disjoint during the deformation. During the course of
deformation, each individual strand is allowed to pass through itself but not through other
strands.

Equivalently:

Definition 2.6. [8, 11} 9] We say link-homotopy is an equivalence relation on generalized
string links that is generated by a finite sequence of ambient isotopies of M X [ fixing
M x {0,1}, and local crossing changes of arcs from the same strand of a generalized

string link called link-homotopy moves.
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\/{ — | \OE O

Figure 6. A crossing change.

The property of the local crossing changes consists in considering the undercross-
ing and the overcrossing as the same crossing (in the same strand), as shown in Figure [6]
i.e, a crossing change for generalized string links remains the same as defined for string

T t \ /1
P

Figure 7. A generalized string link o link homotopic to a braid up to a crossing

change moviment.

Define H, (M) the subgroup of PB,(M), defined by of all pure braids in
PB, (M) which are link-homotopic to the trivial braid. This set is called the set of the

link-homotopically trivial braids. In symbols:
H,(M) ={B € PB,(M); B~ 1},
where ~ denotes the link-homotopy equivalence relation.
Also, let ¢; ; be the product of braids given by the following:

_ 2 -1 -1 _-1 . .
tij = 0i0i41 " 0j—205_ 10, 50,40, 1<i<j<n
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Figure 8. The geometrical representation of ¢; ;.

Now, setting g" = hgh™!, we have the following:

Proposition 2.7. [12| p.6] H,,(M) is the smallest normal subgroup of PB,,(M) generated
by the commutator set {[t; ;,t!';], 1 <i < j<n, h € F(29 4 n —i)}. In symbols:

H,(M) = <{[ti,j? t;

1’7]’

L1<i<j<n heF@2g+n—i})V,

where { )N denotes the normal closure and F(2g + n — i) = 7 (M \ Pn_s, P;), with
Pnfi = {Pi+17f)i+27---7pn}’ 1= 1’2,...,71— 1.

Figure 9. A particular case of [¢; ;, tﬁj] [14].
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Proposition 2.8. [[14, Proposition 3.9] Under concatenation, @n(M ) is a group iso-
morphic to the quotient of the pure braid group PB, (M) by the subgroup of link-
homotopically trivial braids H,(M):

PB,(M)

PB,(M) = oD

Theorem 2.9. [[14, Theorem 6.3] Let M be a closed, compact, connected and orientable
surface of genus g > 1. The group of homotopy string links ]SE”(M ) admits the presen-

tation:
Generators: {a;,; 1<i<n; 1<r<2g}U{tjp; 1<j<k<n}
Relations:
(LH1) [t; 5, ”] 1, heF(2g+n—1);
(PR1) CLn 1an12 a;yégan,lan,Z "Gn2g = H i,n—1 Tins
(PR2) a;,Ajs = Ajsair, 1<i<y <n 1<r<2g;1<s<29—-1; r#s;
(PR3) (a1 aip)Ajr(a;,} - -a; VA =TT, 1<i<j<n, 1<r<2-1;
(PR4)TMTk,l:Tk7lT-’j, 1<i<j<k<i<nor l<i<k<lI<j<mn;
(PRS) Ty T1,i Ty} = Tin1 Ty Tog Ty Ton Ty Tt 1<i<k<j<l<nm
(PRO) a; T 1, = T} pair, 1§z<]<k<n or 1<j<k<i<n, 1<r<2g;
(PR7) aip(aj 5, aj 1 Tjnajog -~ aj1) = (aj55 - aj Tjkajog - aj1)aip, 1 < j <
1< k <mn;
j—1
(PR8) T} = (H oy i1 Ty Ty aig - amg) j1- oy A5,
i=1
Where
—1
Ajs Aj1 0 Qjs—1G5 547 """ A ag,
ij = 0i0i41- --Jj_gcr?_laj 12 . 02-1110;1, 1 <1<y <n,
1—;] ti,] tz i+1

R B
T 3
- A . ?/p =<J
y
Wi, eVt~ ir, (ol

Figure 10. Generators of I/DEn(M).
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Proposition 2.10. [12, Theorem 3.7] Under concatenation En(]\/[ ) is a group isomorphic
to the quotient of the pure braid group B,(M) by the subgroup of link-homotopically
trivial braids H,(M):

Theorem 2.11. [12, Theorem 3.9] Let M be a closed, orientable surface of genus g > 1.
The group of link-homotopy classes of generalized string links over M, namely En(M ),

admits the following presentation:

Generators: {a;1,...,a12,} U{o1,...,0n_1};

Relations:
(LH) [tl,j,t’f’j] =1 heF(2g+n—1);
R1) o,0; = 0gj0; li — 7] > 2;
(R2) 0,0;410; = 014100411 1< <n—2;

-1 -1 _ 2
(R3) a/l,l PN a1:29a1,1 o o a/172g — 0'1 PPN 0-77,720-17/—]_0"!172 PPN 0'1

(R4) al,rAZ,s = AZ,Sal,r 1<r< 29 I1<s< 29 -1 r 7& Sy
(R5) (a1 a1,) Aoy = 01 As,(a11 - a1y) 1<r<2g9-1;
(R6) a1,0; =001, 1<r<2g12>2
Where:
tij = o1 'aj_ga{la;_z ceort =200,
A27S = O'l_l(ClLl e (1175_1Cl1_é+1 e al_ég>01_1? S = 1, e ,29 — 1.
k%! p P
F = 'ﬁ_ F = ?(mul
i r_J
o

/O\:.(_(’.WW“ /O‘Lm(.ocm

Figure 11. Generators of B, (]M).

Let us remind the following homomorphism defined in [13]]:

i: PBy(M) — B,(M)

which takes the string link /3 in ]SEn(M ) to itself in B, (M).
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Corollary 2.12. [12, p.18] Under the conditions above, we have the well defined short

exact sequence:

1—— H, (M) —= B,(M) —2~ B,(M) —~1,
where i is the restriction of the inclusion given in (*).
Proposition 2.13. [12| Proposition 3.8] P/En(M) is a normal subgroup ofgn(M). More-
over, under the homomorphism 1) defined previously, we have the well defined short exact

sequence:

1——PB, (M)~ B,(M)2~%, —~1,

where 1 homomorphism and Y, denotes the symmetric group on n letters.

From now on, let M be a closed, connected and orientable surface of genus g > 1.
Given a string link 6 = [(0y,...,0,)] over M in ]/DEn(M), we can consider, for all
t = 1,...,n the loop u; in M constructed as follows: take the i-th string o; (which is a
path in M x [0,1]) and call as p; its projection over the first coordinate (i.e., over M).
Since o € f’?n(M) (iis aloopin M based at P, forall 7 = 1, ..., n which represents an
element of 71 (M, P;) ~ m;(M). This defines an epimorphism 6, : ﬁ?n(M) — m (M)™
which sends ¢ = [(01,...,0,)] to = (1, ..., fin)-

Lemma 2.14. [13, Lemma 3.1] Under the conditions above, én is a well defined surjective

homomorphism.

3. An Exact Sequence for Link-Homotopy Braid Groups
In this section we extend the result provided by Charles H. Goldberg in [4, Theorem 1]

for generalizing string links over surfaces. To prove this result, we will use as a tool the
surjective homomorphism 6,, of Lemma

3.1. Main Theorem

Let us consider a closed, connected and orientable surface M, of genus g > 1, i.e., M
is different of the sphere. Let P = {P;, P, ..., P,} be a set of n distinct fixed points

chosen arbitrarily in the interior of M .Now, let us define the following map:
fu: PB,(D) = PB,(M)

given by f,(3) = 3, for each (3 in PB, (D), where D denotes the unit disk. Also, we have
0, : PB,(M) — m(M)" given by 0,(&) = 0, ([(c1, ..., m)]) = (fu1,- .., fn), where
each p; is the strand «; of & viewed as a loop in the fundamental groupof M,7 =1,...,n,
forall & = [(aq,...,q,)] in ]SEH(M) By Lemma 0, is a well defined surjective

homomorphism.
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Theorem 3.1. If M is a closed, connected and orientable surface, of genus g > 1, then

in the following sequence of groups (not necessarily abelian):

| — = PB,(D) -1~ PB, (M) —2 1, (M)" — 1,

the kernel of each homomorphism is equal to the normal closure of the image of the

previous homomorphism in the sequence, i.e., ker(0,) = (Imf,)".
3.2. The well definition of fn and proof of Theorem 3.1

Lemma 3.2. The map f n 1s a well defined injective homomorphism.

Proof. Recall the inclusion homomorphism f,, : PB,(D) — PB,(M) defined by Bir-
man in [2]. Now, let 8 be an element link-homotopically trivial in PB, (D). Clearly,
fn(B) = p is a link-homotopically trivial element of PB, (M), i.e., f,(H,(D)) C
H,(M). Thus, fn is the well defined homomorphism induced by the injection f,,. Now,
we need to prove that fn is injective. Indeed, let 3 e I/DEH(]D) such that fn(B) =1,
where 1 denotes the identity in ﬁ?n(M), ie.,1 = H,(M). So we have 3 € ISEH(]D))
and 3 € H, (M). By Goldsmith in [3]], we have 3 € H,(D). Therefore, ker f,, = H, (D),
1.e., fn is injective. O

Let us consider the following diagram:

1 — PB,(D) —*~ PB, (M) 2o 1, (M)" —> 1 (1)

PR

1 ——= PB, (D)~ PB, (M) -2~ 1, (M)" — 1

where py, po are the respective projections and id is the identity in 71 (M). We claim that
this diagram is commutative. Indeed, V5 € PB, (D),

A A

fnopi(B) = fu([6]) = [8] and pso fu(B) = pa(B) = [6],

that is, f, o p1 = p2 o f,. Moreover, Vo € PB,(M),

0, 0 pa(a) = 0,([a]) = (1, -, n) and id o 0, () = id(pr, . .-, ) = (i1, - - -, fin),

~

ie., 0, 0p, =idod,.

Lemma 3.3. Im(f,,) C ker(d,,).
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Im(f,). So, there is an element 3 € fﬁn(]]])) such that & = f,,(). Thus,

n( ). Since § is in f’?n(D) and p is surjective, there is 5 in PB,, (D) such
that p;(8) = 3. So, 0, o f, o p1(8) = 6, (&), which implies, 8, o ps o f,(8) = 0,(&),
ie., 0, 0 fu(8) = 6,(&). By [4], we have Im(f,,) C ker(6,), i.e., 6,(&) = 1 and then,
& € ker(6,,). N

~

Lemma 3.4. ker(0,) C (Im(f,))".

Proof. Let 4 be an element in ker(6,,). Thus, 5 € ]gﬁn(M ) and 6,,(%) = 1. By Proposi-
tion each string link is link homotopic to a pure braid. Let v € PB,,(M) be such pure
braid. So, 6,(7) = 1, where 1 denotes the identity in 71 (M)"™. By [4, Theorem 1], we
have v = [], axBrayt, with a, € PB,(M), B, € Im(f,), i.., B = fa(7x), for some
Y € PB,(D) with p;(vx) = &, and then, fo o1 () = fn(%). Since the diagram
commutes,

Jaln) = Juo pr(ye) = p2 0 fulw) = p2(Be) = B,
i.e., B, € Im(f,). Therefore,

y = P2 (H Oékﬁk%l> sz ag)p2(Br)p2(ak) ™ Hakﬁkak ;
k
with &y, € PB,(M), B € Im(f,,). n
Proof. Proof of Theorem Follows from Lemmas and O
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