@ LAJM - LATIN AMERICAN JOURNAL OF MATHEMATICS

On Frenet Apparatus of Curves in R"
José Adonai Pereira Seixas', Isnaldo Isaac Barbosa'

"nstituto de Matemética
Universidade Federal de Alagoas, Macei6

Alagoas, Brasil

adonai@mat.ufal.br, isnaldo@pos.mat.ufal.br

Abstract. In this paper, we present new explicit and nonrecursive formulas for
the curvatures and the frame of Frenet of a regular curve with an arbitrary
parameter in the Euclidean space R", n > 2, expressed only in terms of its

derivatives.

Keywords — curve, Frenet apparatus, Frenet equations, curvatures.

MSC2020 - 15A69, 15A75, 53A04

Introduction

In his book, Elementary Differential Geometry ([10]), Barrett O’Neill, makes the
following remark:

... However, for explicit numerical computations — and
occasionally for the theory as well — this transference
is impractical, since it is rarely possible to find explicit
formulas for @. (For example, try to find a unit-speed
parametrization for the curve o(t) = (t, t2, t3).)

Such an observation concerns the explicit calculation of the Frenet apparatus of a curve
«, without using its arc length parametrization, that is, using an arbitrary parameter, as in

the cited example. One of our goals here is to generalize this calculation for curves in R".

Next, we use the material contained mainly in [8], [5], [6] and [12]. For this,
let f: I — R™ n > 1, a parametrized (n — 1)-regular’ curve, that is, the derivatives
f'(t), f"(t), ..., f™@1(¢t) are linearly independent, for all ¢ in the interval I. In this case,
looking carefully in the above references, we get (n — 1) real functions, defined in I,

k1(t), ka(t), ..., Kn—1(t), k; > 0, j < n—1, and a positively oriented orthonormal frame

Received October 18 2021, Revised August 9 2022.
! f is said to be k-regular if f'(t), f(t), ..., f*)(t) are linearly independent.
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field along f, F; = {Vi(t), Va(t), ..., V,(t)}, the Frenet frame of f. The functions &,
1 <j < n—1, will be called of curvatures of f. When n = 3, the last curvature, ko, is

called torsion and is indicate by 7. The set

Ap(t) = {ri(t), ka(t), ... ko1 (t), Va(E), Valt), ..., Vi(t)}

is called Frenet apparatus of f. The elements of this set satisfy (1) below, known as Frenet

equations, in which v(t) = || f'(t)|| denotes the speed of f and V;(t) = % is the unit

tangent field. For simplicity, henceforth, we omit the parameter ¢.

V= kv

Vj/:—ffj—lVVj—l‘l' kivVig, 2<j57<n-1 (D

V!I=—fKp_1V Vy1.
Furthermore, {V},...,V,_1} is the Gram-Schmidt orthonormal set constructed from the
derivatives f’, f”....,f™ Y (see the Theorem 1.1)and V,, = Vi x Vo x ... x V,_4.
Hence, for each j, 1 < j < n — 1, and t € I, the space generated by {f’, f",..., f0)}
coincides with that generated by {4, ..., V;}. Note that this last fact can be rewritten by

using multivector (j-vector) objects, as
f’/\f”/\.../\f(j):)\vl/\.../\{/}

where A\(t) # 0, for all ¢ € I. In Theorem 2.1, we make explicit A in terms of the
curvatures of f. When n = 3, we use the classic notation: x; = Kk, ke = 7, Vi = T, the
unitary tangent vector, Vo = NN, the principal normal vector, and V3 = B = T x N, the

binormal vector. Thus, in this case, we have the classic Frenet equations:

T =xkvN
N =—-&kxvT+7vB,
B ' =-—7vN.

or, in the matrix form,

T 0 k O T
N|l=v]| - 01 N
B’ 0 —70 B
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Now, for n = 5, we get

Vi 0 x 0 0 0 Vi
Vy —k1 0 Ky 0 O Vs
Vil =v 0 —ky 0 kg3 O Vs l. 2)
vy 0 0 —ks 0 Ky Vi
Vi 0 0 0 —rg O Vs

1. Basic Facts on Wedge Product

Given the p-vectors vy A -+ A v, wy A --- Aw, € A\"(R™), suppose that
(v1v2 ... vy) = (W wy ... wy)A,

for some p x p matrix A = (a;;) (see Fact 3.5). This means that each v; is a linear

combination of the vectors wy, wy, ..., w,. More precisely,

P
Uj = Z aijwi.
i=1
It is easy to see that
Vi A A, = (det A)wy A A wy. 3)

In particular, if A is a triangular matrix,
VI A AUy = Q11022 - . . Qpp W1 A =+ A\ Wy 4
Another well known fact is that
(Vi A Awy) - (wg A= Awy) = det(v; - wy), ®)

known as Gram determinant, defines an intern product in /\p (R™) and, thus, we have the
a well defined norm:
lor A -+ Awy|| = y/det(v; - vy), 6)

which is also known as area of parallelogram generated by the vectors vy, Vo, ..., vp. It is
convenient to remark that the (p x p) matrix (v;-v;) equals T(vy va ... v,)(v1 V2 ... Up),
where TM denotes the transpose of M and (vy vy ... wv,) is the (n X p) matrix whose
columns are the column vectors vy, ..., v,. Thus, when p = n, we get a useful identity,
namely

ot A= Awg|| = | det(vg vy ... vy,)l.
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In fact,

det("(vy va ... v,) (V1 Vg ... vy)) = det(v; - vj).

Now, we consider a (n — 1)-vector in A"~ (R"), say w = wy A - - - A w,_y. In this case,
we also have the cross product w = wy X --- X w,_1, which belongs to R™ and, for all
X € R,

w- X = det(wy, ..., w,_1,X)

holds. This implies the

{wy, ..., Wp—1, w1 X -+ X Wp_1}
is a positively oriented basis, whenever {w, ..., w,_1} is linearly independent. In fact,
w # 0 and
O<w-w= det(wl, e, Whp—1, W X oo+ X wn,l).

Of course we cannot compare w with w, however two (n — 1)-vectors are equal if,
and only if, the corresponding cross products are equal. This comes from the fact that the
coordinates of v; A - - - Av,,_1, in the canonical basis of /\”_1 (R™), coincide, up to signal,
with those of the v; X - -+ X v,,_;. Indeed,

'U1X"'Xvn71:*<v1/\-“/\vn71)’

where * is the Hodge star operator.

Now, for each m € Z, 2 < m < n, we introduce a very useful operator,
denoted by ®,,,, which we will call m-Gram-Schmidt operator. This operator is a bi-
linear operator that acts on the product A" '(R") x A™(R"). Initially, we define
¢ : (R")™ ' x (R")™ — R™ by the vector determinant

V1 W1 e U1 Wp—1 V1 - W
V2 - W1 e V9 s Wm—1 V9 - W
O(V1y .y U1, W1, - . ., Wy ) = det
Un—1- W1 ... Up—1*Wm—1 Un-1"Wn
w1 . Wim—1 Wm,
which is well defined because the vectors wy, ws, ..., w,, occur only in one row, the last.

We have that ¢ is a multilinear map. Furthermore, ¢ is a skew-symmetric map on each

factor, (R™)™ " and (R")™, separately. Hence, ¢ induces a bilinear map

®p: ATTHR?) x AT(R?) — R”
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given by

D (VA AV, W1 A s AWy) = O(V1, oy U1, Wy« vy W),

the m-Gram-Schmidt operator (see [11]). Such a family of operators has very nice prop-

erties, which we list bellow.

THEOREM 1.1

(1) The vector @, (vy A+ + AUy —1, w1 A+ - -Aw,y,) is a linear combination of wy, . . ., wy,

with the coefficient of w,,, equal to the inner product

(vl/\--~/\vm_1)~(w1/\-~-/\wm_1).

(2) Given X € R", the inner product

D (V1 A v A1,y A Awpy) - X

equals
V1 W1 cee U1 Wm—1 V1 * Wm
V2 - W1 oo V2 Wm—1 V2 Wm
det
Um—1-W1 ... Up—1"Wm—-1 Un—1"Wn
wy - X ... Wyl X Wy X

(3) The vector @,,(vy A -+ A U1, w1 A -+ A\ wy,) is perpendicular to the vectors

Viyeoroy Un—1-

4) Givenm,2 <m < n, @, (vy A+ AVp_1,v1 A -+ A vy,) is perpendicular to the
vectors
(I)j(Ul VAR /\'Ujfhvl VAR /\Uj),

for2 < j <m.

(5) The set
{v17®j(/01/\"‘/\,Ujfl,vl/\"'/\vj); 2 S] < m}

is orthogonal.

(6) Givenm,2 <m <n,

| P (v A A1, 1 Ao Avg) || = |lor A v s Avga ]| [Jor Ao Av]
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(7) Givenl < j <m < mn,defineW; = ®;(vy\---Avj_1,01A---Av;) and W} = v.
If {v1, ..., vy} is linearly independent, then

w.
Vi=—11<;<
=g t=7=m

is an orthonormal set of vectors, which is an orthonormal basis of R", in the case
m = n. Furthermore, Wi N\ --- N W} equals

<||U1||2 [or Ava|? -+ vy /\---/\vj,1||2> VLA AU

and
’Ul/\"'/\Uj

oA Al

ViA--- AV

Whence, if m = n, we get that the bases {v;; 1 < j <n}, {W;; 1 <j <n} and
{V;; 1 < j < n} have the same orientation.

(8) Suppose that {Uy, ...,U,,} is an orthonormal set of vectors. Then, for each 1 <
J<m,
@j(Ul/\"'/\Uj_l,Ul/\"'/\Uj) :Uj.

(9) If{ey,...,e,} is the canonical basis of R", then

D, (v A Avp_g,eg Ao ANey) =01 X oo X Uy

The set of orthonormal vectors {V;, 1 < j < m} in (7) is the Gram-Schmidt
orthonormal set constructed from {vj, 1 < j < m}. When m = n, we have the Gram-
Schmidt orthonormal basis constructed from the basis {v;, 1 < j < n}. The following
Corollary gives us a nonrecursive formula for each element of the Gram-Schmidt set,

which follows easily from (6) above.

COROLLARY 1.2 If {vj, 1 < j < m} C R" is linearly independent, then the elements

of the Gram-Schmidt orthonormal set {V;, 1 < j < m} are given by V} = ”Z—ill and, for
2<j5<m,

V301 ... U101 U1 - Uy

Vg1 ... V2-Vj—1 Vg + Uy

det
Vj—1 V1 ... Uj—1" " Vj—1 VUj—1"7j
V1 c Vj—1 Uy
Vj =

o1 A Al [or A A
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2. The Main Results

Fixed t € I and given X € R", 1 < j < n, and we indicate by [X]; the j©

coordinate of X in the Frenet frame
F(t) = {Vi(t), Va(t), ..., Va(®)},

that is
X=X+ X:Va+ [X]sVs+--+[X], V.

Using the above notation, we have the following result.

THEOREM 2.1 Let f: I — R™ be a (n — 1)-regular parametrized curve in R" with
speed v = || f'|| and Frenet apparatus

A:{Iil,lig,...,Iin_l,‘/l,‘/Q,...,Vn}.

Then
(1) [f/]1:V7 [f(m>]m: Rp... K/mflyma 2§m§n,

2)

and

Proof. We proceed by induction on m. We have
fh=f-Vi=vVi-Vi=v

Since f(™~1) belongs to the space generated by {Vi,...,V,,_1}, we have that (™1 .
V., = 0, and thus

[f)],, = f) .V, = —fm=b .y
= — KiK. KoV Vo 1 (= K1V Vi 1)

— m
= K1 RkRo... Ry—1V 7,
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]

which proofs (i). Now, using | f (m)]l =0, forl > m,

f//\"'/\f(m) :(f//\.../\f(m—l))/\f(m)
_ (V(1+2+-~~(m—1)) H;nﬂ ,151*3 o Bmea VIA A Vi) A ([f(m)]m Vin)
= pUH2betm) gl =2 K ViAo A Vi,

where, in the last step, we use (). O

The following corollary establishes a recursive algorithm to calculate all curva-

tures of f, using only its derivatives.

COROLLARY 2.2 , .
AL
R1 = —3
14
Hff/\ .../\f(m+1)H
VLR R [N A fO

Y

(7

Ko =
2 <m < n — 2, and, the last curvature, which has a sign, is

¢ oo X (n=1)y . £(n)
Fin—1 = 9] f, )./ — (8)
V'Y .o Ko [P Ao A fOD)|

Furthermore,
f/ X oo X f(”_l)

Vi = .
[ff A A ]

€))

Proof. Taking the norm in Theorem 2.1-(i1), and noting that V} A --- AV}, and

Vi A -+ AV,,_1 are unit vectors, produces

Hf//\ /\f(m+1)H _ VW K;ﬂﬁ'én—l l{?nfl Km,
and
Hf/ A /\f(m)H _ IJW /i'in—l figl_Q c e K-

Dividing these equations, we get (2.2). These arguments show that (2.2) also applies to
m = n — 1, but in this way we lost the signal of x,,_;, that is, we only obtain | k,,_1|. For

this reason, we rewrite Theorem 2.1-(i1) using the cross product:

_ n(n—1) _ _
f/XH'Xf(n 1):1/ 2 Ii? 2I€33""‘€n—2vn7
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for Vi, = Vi x --- x V,_;. Since k; > 0,1 < 7 < n — 2, this last equation implies (9)

and
(/oo FOD) - f0 = 5 k2 s Vi) - (1 Va)
— yn(n;l) /{3‘_1 /{3_2 e Kyt
= V" Ky Ko ... Kp_o Hf’ ANFIA A f(”_l)H Fn—1,
which implies (8). ]

The next corollaries certainly gives us the more efficient way to get the apparatus
of Frenet of f in terms of the derivatives only, in a non-recursive form. Before, we will

do a cancellation lemma.

LEMMA 2.3 Letp: N — R be a positive function with p(0) = 1 and p(1) = ¢. Now
define q(n) = 22=U0D) Then g(n) equals

cp?(n)

1 p(n+1)
q(1)q(2)---q(n—1) p(n)

Proof. Using the definition of ¢, it easy to check that the factors in

q(1)q(2) - - - g(n—1) cancel nicely resulting > ((g)—n . (Here the reader could use induction
on n, observing that ¢(1) = p(2)/c®.) Hence
1 p(n+1) 1 ™p(n—1)p(n+1)

catlg(1)--q(n—1) p(n) b pn)  pn)

and the proof is complete. 0

COROLLARY 2.4 Given2 <m <n — 2,

I'A oA f(m=1) A f1 A LA FmED)
P AL SEER,Y el 1 AUV AN I (10)
VHf’/\"'/\f(m)H
and
NN 1) AN (n—=1)y . f(n)
w2 WA AT D) - f) an

|l gneea g
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Furthermore, whenever2 < m <n —1,

o f(mfl) f- f(m)
fl/ . fl o f// . f(mfl) fl/ . f(m)
det : : :
fom=0 g flm=1) L p(m=1) p(m=1) . f(m)
f o f(m—l) f(m)

Vi = 12
TN | (12
Proof. Just set p(0) = 1, p(j) = || /' A+ A fU||, for j > 0, and use Lemma 2.3
together with Corollary 2.2. The result in (12) follows from the Corollary 1.2, with
v =f9,1<j<m. O

The following corollary, that results easily from the previous results, establishes
an algorithm that calculates, using only the derivatives, part of the Frenet apparatus (up to

k4 and V3) of f, for any n.

COROLLARY 2.5

i vi=1L;

v

.. IAF!
(i) ry = LA

_ - / ".
i) Vo=~ (sfdyop ) 1+ i/

AL A

(V) ko = S
_UEALTLLEASIAS NS
V) ks AT AP
(Vi) k4 _ Hf//\f//H ||f//\f///\f////\f/////\f/////|| Or Ifn o 5 k4 - ||f//\f///\f///|| (f/Xf//Xf///Xf////) f/////

l/||f//\f///\f////\f////||2

P P V¥ YO A0Y i WY Wi B Y YV /A Vil il Vil e Vi O L
vit) Vo = St + it ki g S

V”f//\f///\f////\f////H >

COROLLARY 2.6 Ifv =1, thatis, t is the arc length parameter, then

O Vi=f;
(i) w1 = |[f"|];
e o f” .
(i) Vo = oy
(iv) ry = ARSI

[T
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— WL AL AL AL
(V) k3 ”f//\f///\f///HQ ’

. Hf/ f//” ||f/ f// fl///\f/////\f/////H . _ ||f/ f// f/l/” (f/ f// f//l f////) f/l///
(Vl) k Hf//\fl//\f////\fl/l/H2 Or’ Ifn 5’ k Hf//\f///\f////\f////H2 >

a L1 / AT i " ILF1] "
(Vll) ‘/3 Ilf/ f///\flll”f Ilfl f///\flll””fl/ ‘f + Hfl f///\f/ll”f
In particular, for n = 5, we get more attractive formulas for the results of [14].

Proof. 1t follows immediately from the anterior corollary by using

LFA £ =171

and f” are orthogonal vectors. O

COROLLARY 2.7 ([10]-4.3 Theorem) Given a 2-regular curve f : I — R3, then

O T=Vi=7

i) k= Ry = LA

e o o (f//\f//).f/// .
(W) 7= K2 = g

— ) fr
(IV) B = ‘/3 =0

V) N=V,=BxT.

Proof. The proof is very simple. We just observe that (v) follows from the positive
orientation of the Frenet frame {T, N, B}. O

EXAMPLE 2.8 Consider f(t) = (¢,¢t%,¢*), t € R. A direct computation givens the

matrix of the derivatives of f:

1 0 00
262 0 0
! el " nmrN
F = e 6 6 o

43 1212 24t 24

whose determinant is 288. Hence f is 4-regular. The basic objects for the computation of
the Frenet apparatus will be obtained below.

(1] v=|f|=V1+42+9t* + 16t5;

2t(2+9t24+24t%)

2] V=22 ———L
2] V1+4t2+9t14+16t5°

LAJM v.1.n.1 (2022) 50


Leandro Nery
50


[3]

(4]
[5]

[6]

[1]

[2]

[3]

[4]

[S]
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1A F717 = det (f’ A f”) et (1 + 482 + 9t 4+ 1610 2¢ (2 + 92 + 24t4))

ARV AR o (2+ 92 + 24t%) 4 (1 + 962 + 36t4)
= 4(1 + 9t 4 45t* + 6415 + 36%);

frx 7 x f1 = (—48t3, T2t —48t,12);

(ff < f7 x f7) - f" =12 24 = 288;

LF7A ST A S7IP = 144(1 + 1667 + 36t + 161°);

Now, the Frenet apparatus:

jor = WAL 2014912 4+45¢8 +645 3665 .
! v (1+462+9t4+1616)%2 °
Ko — L/ AS"ASN 3311662 +36t2+16t0 .
27 NPAfIE T 14912 +4513 1646543618
jon = WALTUCI NSNS 4v/149¢2 1 45t 1 64151 36£3
3 vILf NS T V1442 49t3 11615 (1+16£24-36t4+16t6) ?
_ 1 2 443,
Vi =7 = Jimmanres (L 26,317, 48°);
—t (2 + 9t + 24¢%)
1 —9t* — 326
3t + 63 — 24t7
2 2 4
V _ f/'f// f’+ v f”: 2t (3+8t +9t ) )
2 VI FAF] TP ATl V11421913 1 1660+/19¢2 14513+ 641013615 '
1 0 0 ¢ —4¢3
2t 2 0 ey 612
3t2 6t 6 eg —4t
3 2
V _ f/><f”><f/” _ 4t 12t 24t €4 _ 1
4 LF/ < 1> f|| 12v/1+16t2436t4+16t6 V1416t2436t4+16t6

It remains to calculate V3. For this, we use the positive orientation of the Frenet frame
{W1, Vo, V5, V4 }. We have,

%:_%X%X‘/Zh

since det( Vy, Vi, Vi, Vi) = —det( V4, Vs, V3, V4) = —1. We omit the explicit result. In

particular, the Frenet apparatus at ¢ = 0 is given by

A(0) ={2,3,4,(1,0,0,0), (0,1,0,0), (0,0, 1,0),(0,0,0,1)}.
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3. On the Fundamental Theorem for Curves

In [6], [12] and [8], we found the following theorem, known as Fundamental The-
orem of the Local Theory of Curves. Its statement could be posed in this way:

Theorem. Let k;(s), i =1,...n—1, s € I, be smooth func-
tions with k;(s) > 0,7 =1,...n — 2. For a fixed parameter
sg € I, suppose we have been given a point qy € R" as well
as ann frame e1(0), ..., e,(0). Then there is a unique curve
c: I — R" parametrized by arc length and satisfying the

following three conditions:

1. c(s0) = qo,
2. e1(0), ..., e,(0) is the Frenet frame of ¢ at qq,

3. ki(s),i=1,...n — 1, are the curvatures of c.

A similar theorem appears in [2], on three-dimensional case. The proofs, in both cases,
use the general existence and uniqueness theorem for systems of linear differential equa-
tions. In that follows, we extend, the cited theorem to arbitrary speed curves in R". A

complete proof is presented here. The theorem is as follows.

THEOREM 3.1 Letv(t) and k;(t), j € {1,2,...n— 1}, ¢ € I, be smooth functions such
that, forallt € I, v(t) > 0 and k;(t) > 0, j < n—2. Then there exists f : | — R" with
speed v(t) and curvatures k;(t), j € {1,2,...n — 1}. Furthermore, if g: I — R" is
another curve satisfying these conditions, there exists an orientation preserving isometry

F:R"™ — R" such that g = F' o f, that is, f and g are congruent curves.

Before the proof of this theorem, we obtain some preliminary results. Initially,
since we are going to work with two curves f and g, we will make a suitable adjustment
in the notation: we will put a tilde over each object associated to the curve g. For example,
vand K, indicate the speed and the first curvature of g whereas V; indicates the first vector
field of the Frenet frame of g. Thus, given the curves f and g, both defined in /, we have

the Frenet apparatus:
Af:{’flv Ro, ..., Rn—-1, ‘/17 ‘/27"'7 Vn}

and
Ag = {;‘%1, %2,..., En—l;‘/la‘/%'--vvn}-
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Now, consider f : I — R™ a parameterized curve in R™ and let F': R” — R" be an
orientation preserving isometry, that is, F'(X) = SX + X,, where S is a orthogonal
matrix of determinant 1. Using F', we construct a new curve, namely, ¢ = F o f, or
g(t) = F(f(t)), t € I. The next result establishes that in a certain way g inherits the

Frenet apparatus of f.

PROPOSITION 3.2 The speed of g equals speed of f and the Frenet apparatus of g = Fo f
is given by
Ag = {’4317 K2, .. ’%n—lys ‘/hS ‘/2,...,3 Vn}

In other words, k; = /ij,lgjgn—l,and‘N/j:SVj,lgjgn.

Proof. Using the chain rule, we get ¢'(t) = dFu)(f'(t)) = Sf'(t), Hence 7* =
(Sf") - (Sf') = v?, because S preserves the inner product, which proof the claim on
the speeds. Firstly, we study the curvatures. Using Corollary 2.4 together the norm of a

multivector given in (6), we see that given vy, ..., v; € R", the following holds

ISe e A Suyll = /AREET (50
= /det(v; - vj) = ||l A=+ Ay,

again because S preserves the inner product. Thus, for 1 < m <n — 2,

< Hg’/\.../\g(m—l)H ||g//\.../\g(m+1)H
" Vllg A A g

_ HSf//\.../\Sf(m—l)” HSf//\"'/\Sf(m'l'l)H
VSN A S fm?

A A D A A g
vIIf A A )

= Km;,

since g¥) = S fU), for all j, by the chain rule. It remains to see the claim about the Frenet
frames and the last curvature. From the definitions, we get
~ / S / /
=9 = / :sizsvl,
14

14 14

By induction, assuming that 17] = SV;, 1 <j <n-—1, weshow that X7j+1 =SV In
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fact, first
V) = (SV;) = S(—v ki1 Vi + vk Vi)

J
= —V Iij_lf//}_l + I/lijS ‘/j—&-l’
On the other hand,

~, o ~ o~ ~
‘/j = — Vﬁj,1%,1 + V/'ij‘/jqu = -V /ﬁj,lx/},l + VFLJ'V}+1.

Hence v k;S V41 = y/ij‘z-“ and thus ‘7]-“ = SVj;1. Note that the preceding ar-
guments could be used for the curvatures. We will make it so for k,_ ;. Since that
{V4, Vo, ..., V, } is a positively oriented frame and det S = 1, it is not hard to see that

SV, =8S(Vix - x Vo) =8Vix- xSV,

Indeed, it is sufficient to note that S(V; X -+ x V,,_4) - XN/J =0,foralll <j<n-—1.
Differentiating I~/n = SV, yields 177-5”_1\7”_1 = VKp_15V,_1, from which it follows
that %,_1 = k,_1 and the proof is complete. ]

REMARK 3.3 The proof above shows that if F'is an orientation reversing isometry, then
all works well, except that 17n =—-SV,and K,,_1 = — Kp_1.

The converse of the proposition above is true. Its statement is as follows. In it f

is as before, having speed v and Frenet apparatus
Af:{:‘il, Ko,..., Kp—1, ‘/1, ‘/2,..., Vn}

We note here that such a result appears in [8] (Theorem 4.11) and its proof he uses another

argument.

PROPOSITION 3.4 Let h : [ — R" be a parametrized curve with speed 7 and Frenet
apparatus

Ah - {El, EQ, ceey En,l,Vl,VQ, . ,Vn}

It v =vand 5; = kj,1 < j < n — 1, then there exists a unique preserving orientation
isometry F' of R" such thath = F o f.

Proof. For simplicity, suppose that 0 € I and h(0) = f(0) = (0,0,...,0). Now,
let S be the orthogonal transformation that sends the Frenet frame F;(0) to the Frenet
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frame F,(0), that is, S V;(0) = V;(0), 7 = 1,2, ...n. Of course that det S = 1, for these
frames are positively oriented. In that follows, we use the ideas of O’Neill [10], in his

proof for n = 3. Consider g = S o f and the real function

r(t) = > Vi(t) - Vs(t),

where, as before, F, = {V;(t) = SV;(t), 1 < j < n} is the Frenet frame field of
g. Of course that g(0) = h(0), F,(0) = F,(0), v = ¥ = vand k; = K; = k;, for

1 < 7 < n — 1. The main idea now is to show that g matches /. We start observing that

r(0) = n, since F,(0) = F5,(0). We have that

n

tel,

r = Z(\Z’-Vj—i—f/j V;)

j=1

Claim: 7' = 0. In fact, firstly, the first and second summands of 7’ are

‘71/'71—1“71'7/1:I//‘il‘72'71+7//€1‘71'72

and

@'VQ"‘%'V;:_Vﬁlxz'Vl_I/Kzl‘,;;l'VQ"‘VHQ%'VQ"‘I/K/Q%'V?,.

Hence

=1

<

By induction on m, m < n — 1, we get
m
j=1

Thus

T/ =V Rn—lvn : Vn—l +v Rn—lvn—l . Vn + (‘7,

n

= Vﬁnfl‘f}n : anl + y/infl‘f;nfl : Vn - V/’{'nfl‘ﬁ/in : anl - I/anl‘ﬁ/infl : Vn =0

which proofs the claim. So r is a constant function. From r(0) = n we get r(t) = n,
t € 1. Since each summand of r is at most 1, we get that all of them are equal to 1. In
particular, Vi = V, which implies that ¢’ = A’ and, by integration on [0, t], ¢ = h, that is,
h = So f. The general case is obtained by considering h(t) —h(0) and f(¢)— f(0) instead
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of h and f, respectively. From this we conclude that S(f(t) — f(0)) = h(t) — h(0).
Hence g = F' o h, where F'(X) = SX + X,, Xo = h(0) — S(f(0)). The uniqueness of

F follows as in the reference [8]. O

We are almost ready for proving the fundamental theorem (Theorem 3.1). Before,

let us summarize some facts on vector matrices.

FACT 3.5 Given the vectors Vi, ..., V,, in R", we indicate by
Vi
V= V2 =TViVa ... Vin),
Vin

where TM indicates the transpose of M, the n x 1 vector matrix with elements Vi. Vis
called a (m x 1)-vector matrix. Note that by stacking all coordinates of the vectors V;

(viewed as column vectors), we obtain an (mn) x 1 real matrix or an mn-column vector.

Given a p x ¢ real matrix A and a (¢ x 1)-vector matrix V. ="T(V; V4 ... V), the
product W = AV is defined to be the (¢ x 1)-vector column matrix

W="W, Wy ... W)

such that
m
W, = E aijVi, aij € R,
j=1
or
W1 @11 A2 ... Qg ‘/1
W2 - Q21 Ag2 ... Qg ‘/2
W, apl  Qp2 ... Gpg Vq

Of course, if V = (V4 Vo ... V,)isa (1 x p)-vector matrix, the product V' A is a well
defined (1 X ¢)-vector matrix. The following properties hold true. In them, a € R, C
is ar x p real matrix, A and B are p X ¢ real matrices and V' and W are (¢ x 1)-vector

matrices.

(i) A(aV) = (aA)V =a(AV);

(i) (A+B)V = AV +BV;
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(i) A(V +W)=AV + AW;

(iv) (CA)V = C(AV).

Now, consider a linear system of the type AV = W, where A, V and W are as
above. From this, an interesting exercise arrives: find a usual linear system equivalent to
it. It is easy. Just stack the coordinates of the elements of the matrices V' and W, obtaining
V and TV in R? and replace A by A, of order pn X gn, where a; is the block a;; = a;;1d,,
and Id,, is the n x n identity matrix. In the Table 1 below, we see an example for p = 2,
q = 3and n = 4, where V; = (Vi1, Via, Vi, Vis) € R%.

Another useful product of vector matrices is what uses the inner product in its
construction. We will deal only with vector matrices of order either n x 1 or 1 X n. For
this, let V =T(Vy V5 ... V) and W = (W, W, ... W,,). The dot product of V by W
is the n X n real matrix

Vi Vi Wy . VW,

% Vo Wi ... Vo W,
vew= | om oy = T

Vi Vo Wy ...V, - W,

REMARK 3.6 With this new notation, the inner product in (5) becomes

(v Ao Awy) - (wg A=+ Awy,) = det(v - w).

Given a n x n real matrix A, a (n x 1)-vector matrix V" and a (1 x n)-vector matrix
W, the following hold:

() A(V-W)=(AV)-W;
i) (V-W)A=V - (WA).

Of course, we have distributive properties for appropriate choices of the vector matrices.
Moreover, if V' and W depend differentiably on ¢ € I, then

V- W)=V -W+V-W.

Finally, using the facts above, we will prove Theorem 3.1. The proof involves

four steps, namely:
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Table 1. Expanding a vector linear system to an usual linear system

Vi1 Va1 V31
V12 V22 V32
" ail Vis + a2 Vos + a3 Vas
<a11 a2 als) Vi _ Via Vaa V34
a21 ag2 a3 Vi “;11 321 ‘\;31
a1 Vij + a22 Vii + a23 Vii
\%P Vou V34
Vi1
Vi
1000 1000 1000 Vis
an 0100 a1 0100 a13 0100 Via
0010 0010 0010 Va1
_ 0001 0001 0001 Vao
- 1000 1000 1000 Vas
0100 0100 ) 0100 Vo
2 loo010] “?loo10]| “®|oo10 Va1
0001 0001 0001 V32
V33
V34
V11 Wi
Via Wia
ai; 0 0 O a;2 0 O O a3 O O O Vis Wis
0 a;1 0 O O a;2 0 O O a3 O O Via Wia
0 0 a1 O 0 0 a2 O 0 0 a3 O Va1 Wa1
_ 0O 0 O a1 0 O O a2 O O O a3 Vao | Wag
- a2t 0 O O a2 0 O O a3 O O O Vas | Was
0 a1 O 0 0 ag2 O 0 0 a3 O 0 Vou Way
0 0 a21 0 O O a2 0 O O ao3 O V31 W31
0 0 0 axx 0 O O a2 O O O as3 V3o W32
V33 W33
V34 W34

(Step 1) From the given functions v and x;, 1 < j < n — 1, we construct, based on the
Frenet equations, a system of n? first order linear differential equations, which we
refer as (F.S).

(Step 2) We apply the general existence and uniqueness theorem for systems of linear dif-
ferential equations to (F.S) and take the solution that satisfies a certain initial
condition. Such a solution is an n-vector column matrix V = T(V; V5 ... V})

that depends on .

(Step 3) The existence assertion of the theorem: we verify that { Vi (¢), Va(t),..., V,.(t)}
is actually a orthonormal frame field and, from the vector function V;(t), we con-

struct a curve f with speed v, curvatures x;, 1 < j < n — 1, and Frenet frame
field Fr = { Vi, Va,..., Vo, }.

(Step 4) The uniqueness assertion of the theorem: given a curve g with speed v and curva-
tures k;, 1 < j <mn — 1, there exists an isometry of R" such that ¢ = F' o f. This
step we have already seen in the Proposition 3.4.
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We start writing the Frenet equations (1) of a given f in a matrix form (see (2), for n = 5).

They become
Vi 0 vk, O 0 0 0 i
vy vk 0 vKy O 0 0 Vs
Vi 0 —vkre 0 vahs 0 0 Vs
%4 0 0 —veky O 0 0 |
VTZ—2 0 0 0 Ce 0 V Rp—2 0 Vn_g
|40 0 0 0 ... =V FKpo 0 VEp_1 || Vo
v 0 0 0o ... 0 —V Kp—1 O Vi,
or simply
V=MV, (FS)

where Vi = L,V ="T(V; V, ... V) and V' = (V] Vj ... V}!) are n-vector column
matrices constructed from the Frenet frame of f, and M, called the Frenet matrix of f, is

the n x n skew symmetric matrix such that

VK, J=i1—1

M=V Vi = Qv j=i+1 :
0, JE{i—i,i+ 1}
for V! = —vk;_1Vio1 + vk; Vi, Of course even without knowing f, we can con-

sider (FS) on the interval / > 0, because we can construct M. Hence, we get a first
order system of differential equations for the unknown vector functions Vi, V5, ..., V,,
which, according to the Fact 3.5, can be viewed as a usual system of n? first order linear
differential equations. Thus we can apply the general existence and uniqueness theo-
rem for systems of linear differential equations to it and achieve a unique set of func-
tions { V4 (t), Va(t),..., V,(t)} that satisfies (FS) and the initial conditions V;(0) = e;,
1 < j < n, where {ey,...,e,} is the canonical basis of R". In this way, we go through
the steps 1 and 2.

For the step 3, we consider the n x n matrix function A(t) = (V;i(t) - V;(t)), or
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It is convenient to remark that A(0) = Id,, where Id, is the n x n identity matrix.
Differentiating A, we get

A=V-TVi+ V. W =MV)-TV+V.-T(MV)

=MV-TV)+ (V- TV) (M) = MA+A(M)

Now, note that the expression M A + A (TM) is linear as function of A. Thus,

we have that A is a solution of the linear matrix differential equation
X' =MX+TMX

with the initial condition X (0) = Id,. By using vectorization (that is, by stacking
columns) of matrices, it is not hard to show that this equation reduces to a system of
n? first order linear differential equations (For n = 3, see the Table 2 below). Hence A is

the unique solution of
X' =MX+"MX, X(0)=1Id,.

This fact, together with skew symmetry of M, implies A(t) = Id,, for all ¢ € I, since
X = 1d, satisfies trivially the equation. In fact, Id/, = 0 and

MId, + "MId, = M+"M =0.

We conclude that { V;(t), Va(t), ..., V,(t)} is actually a orthonormal frame field. In real-
ity, it is a positively oriented orthonormal frame field, since it coincides with the canonical
basis at t = 0 (the det is a continuous function). It remains only to construct a curve f

for attaining the step 3.

In this point, we have a positively oriented orthonormal frame field
{Vi(t), Va(t),..., Vi(t)}, t € I, that satisfies (F.S). Since V) must be the unit tangent

vector of f, there is a natural way to choose the curve f, namely,

f(t)z/o v(u) Vi(u) du.

From this, we get f' = v Vi, or V; = f’/v. For the moment, aiming to set up notations,
we suppose that f is a (n—1)-regular curve with speed vy, curvatures rs;, 1 < j <n—1,

and Frenet frame { V;;,1 < j < n}. Hence

i) vy =v; (i) Vi = Vi;
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(i) f" =v' Vi + vk Vs
@) A" =13k VI A Vs,
The Corolary 2.4, together with (iv), yields
R = w = K
i

Using this and (ii), it follows that Vy, = V5. In fact, the differentiation of (ii) gives

kpivy Vo = k1v Va. Now, a direct calculation shows that
fl/\f”/\fmzyﬁﬁi/@‘/l/\ Vo A ‘/3:”?5?01’12‘/1/\ Va A Vs

which, together with the Corolary 2.4 and the derivative of Vi, = V5, implies kyy =
ko and Vi3 = V3. By repeating this process inductively (as in the Theorem 2.1), we

conclude, for 2 < m < n, that

m(m+1) 1

f//\.../\f(m):V72 K" 52”*2...,£m71v1/\.../\vm,

which , in particular, shows the regularity of f, k;; = k;,1 <j<n-—1,and Vy; = V},
for 1 < 7 < n. We are done. O

Table 2. X' = M X + TM X, X = (V;;), as an usual system of linear differential
equations, n =3, X = T(l 00010001) is the solution that corresponds to Id;

0 VK1 0 VK1 0 0 0 0 0 V11 Vlll
—vKr O 0 0 wvk; 0 wvke O 0 Vo1 Vi
0 0 0 —vkry O 0 0 wver O V31 Vi,
—vikr 0 wvey 0 wver O 0 0 0 Via Vi
0 —vry 0 —vkr 0 wvke 0 vk O Vag | = | Vo
0 0 0 0 —vky 0 —vwr 0 vk || Vs Vio
0 —vky O 0 0 vk 0 0 0 Vis Vis
0 0 —vrr 0 —vKy O 0 0 vke Vas Vys
0 0 0 0 0 —UV K9 0 —UV K9 0 V33 V3/3

EXAMPLE 3.7 We will consider the system (FS), withn = 3, v = V2, k1 = kg =

and initial condition

V(0) = ((01212) (=1,0,0), (0—1212>> . (13)
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So, we have MV = V"

0 5 0 Vi Vi
-5 0 Sl w|=%] (3—F9)
0 —% 0 Vs Vi

2

subject to (13). We will indicate two ways for solving (3 — F.S): one for illustrating the
conversion to an usual system of linear differential equations as in the Table 1 and the
other going hand in hand with an algorithm that plays a key rule in the classification of
the curves of constant curvatures. Thus, at the end, we will get a curve with speed V2,

curvature and torsion equal to %

Solution 1. Let V;(t) = (Vi1(t), Via(t), Vis(t)), i = 1,2,3. Hence V = ( V}, V4, V3) is the
unknown of the system, which converted to its usual form becomes M V=V":

0 0 0 % 0 0 000 Vi Vi
00 0 0 - 0 000 Vi Vi,
00 0 0 0 5 000 Vis Vi,
-~ 0 0 0 0 0 500 Var Vi,
0 —% 0 0 0 0 0 % 0 Voo | = | Vi,
0 0 —% 0 0 0 00 % Vas Vs
0 0 0 -5 0 0 000 Va1 Vi
0 0 0 0 -2 0 000 Vso Vs
0 0 0 0 0-%(000 Va3 Vis

with

~ 1 1 1 1
VO = 07_7_7_17070707__7_ .
=073 )
Remember that the important piece of the solution V' is the vector V; = (Viq, Vig, Vi3),

from which, by integration of vV}, we construct the curve f.

It is well known fact that

V(t) = (™M) V(0) = ( 3 t—jﬂj) V(0)

=

is the unique solution of (3 — F.5). An elementary procedure to calculate this solution
is indicated next. Patiently, only looking at the first three coordinates of ‘7(25) and using
induction on j, it is possible to obtain that (V;1, V12, V13) equals

R i Y e
ﬁ(n; @m+ 1 A @my )l 1)'
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Hence

Vi(t) = —=(—sint,cost, 1).

Sl

Now, by integrating v V1,
t t t
/ vVi(u)du = / V2 Vi (u) du = / (—sinw,cosu, 1)du = (cost — 1,sint, t),
0 0 0

which, after a translation, yields f(t) = (cost,sint,t), the very well known circular helix

of R3, as expected.

Solution 2. Here, we come back to consider the original system (3 — FS): MV = V',
where V' = ( Vi, Va, V3), together with V' (0) = (V4(0), V2(0), V5(0)), where

;

V2(0) = (=1,0,0)
— 11
| va0) = (0.3 35)

Again, the solution is V' (¢) = (") V/(0). We are going to calculate V() and then the

curve f(t).

(Step 1) To reduce M to a simpler form, which is possible because it is a skew symmetric
matrix. Actually, there exists a orthogonal matrix ) such that A" = Q7' MQ is a
block matrix of the kind

0—-a0 40
N=|la00]|= ,
00

00O

for some a € R. This comes from the normal-form of a skew symmetric matrix

theorem, which can be found in [4].

(Step 2) To calculate ¢*V, this is easy, because the powers of A reduce to those of the block

A, whose exponential is not hard to get. We have that

A cosat —sinat 0
‘N e 0 )
et = = | sinat cosat 0

01
0 0 1
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(Step 3) We solve the new system N'W = W, with W(0) = Q' V(0). Of course the
solution of this equation is W = 'V (Q~1 V(0)).

(Step 4) Finally, we obtain the desired solution of MV = V', namely, V = Q W. In fact,
from the previous step, we get Q W (0) = V(0) and
Vi=QW =QNW = MV.

Now the execution of the steps. In the Step 1, according to the proof of the cited theorem,
we must consider M, = M? that a symmetric matrix and thus there exist a basis of

eigenvectors that diagonalizes it. From this basis we construct the matrix () in the Step 1.

A direct calculation shows that M has an double eigenvalue A\; = —1 and the other one
Ay = 0. The vectors v, = (—\/%,O,\/%), vy = (0,1,0) and v3 = (\/%,0, \%) are unit

eigenvectors of Mg, vy and vy are associated to \;. (Remember that if P = (v; vy v3)
is the matrix whose columns are the column vectors vy, v5 and v then P~' M, P =
diag (—1, —1,0)). Looking carefully at the proof of the normal-form of a skew symmetric
matrix theorem that we cite above, we construct the matrix (). Its columns are ¢; = vy,

g = \/—;7,\1 My and ¢3 = v3. More precisely,

_ 1oL

V2 T V2

Q= 0 10

1 gL

V2 V2

Hence

0-10
N=Q'MQ=]100
00O

Now, we execute the Step 2 and get

cost —sint 0

eN = | sint cost 0 ,

0 0 1
Then the Step 3 gives us
3 (V2V3(0) sint + (V4(0) — V3(0)) cos t + V4 (0) + V5(0))
W =eN(Q'V(0) = Mjﬁ(o))smt + V5(0) cost
1 (=V2V5(0) sint + (V3(0) — Vi (0)) cost + V4(0) + V3(0))
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By substituting V7(0), V(0) and V3(0) by their values (as row vectors), we obtain

sint —cost 0

W= _cost —sint 0
0 0 1

From this, it comes the solution V of MV = V.

__sint cost 1

V2 V2 V2

V=QW = —cos(t) —sint 0
sin t _cos(t) 1

V2 V2 V2

The Steps are all done. By using the first row of 1/, we get the curve f, exactly as at the
end of the Solution 1, that is,

= (cost,sint,t).

I hope this example, mainly its second solution, helps you in the proof of the theorem on

the classification of the curves of constant curvatures that we make in the next section.

4. On Curves of Constant Curvatures

In this section we will use the flowing notation, in order to simplify some calcula-

tions involving inner product in R?™.

Given X = (a1, by, ..., am,by) € R*™, the complex representation of X will be
indicate by
Xe =(ag +1iby,...,ap, +1b,,) € C™, 1 =+V/—1.

With this notation, together with the real part of z € C, R 2z, we get the following useful

properties:

() XY = R(Xc - Ye),
(i) X - X = X, - X, thatis, | X|| = || X,
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where the dot, - , indicates the usual inner products in R?™ as well as that? in C™.

4.1. The Even Dimension Case

We start with an example in R*. Given ¢ € R, consider f(t) defined by
(r1 cos (art) ,ry sin (ait) , o cos (ast) , ro sin (ast)), (14)

where a1, as, 1 and 75 positive numbers with a; # a,. The complex representation of f

in C?is
(1) = (FO)e = (e o)
Note that
gt) = (i riapett® i Tgageit‘”),
and

g//(t) = (_Tlageit(l17 _T2a%eita2)'

More generally,

J

26ita2).

gD (t) = (i'rial ™™ i7rya

So, we obtain fast that
2 n2e _ m2 __ .22 2 2
v =" =llg'l” = riaT + rya3,

2 2
1717 = llg"lI” = airf + azr
and
frof"=R(g - g") = R(-i (air] + a3r3)) = 0.
The notable here is that, given any j and £ in N, the inner product
gV(t) - g® (1) = (r (Far) € ')ry (—iar) e + 1y (Tan) €8 )y (—iag)* e7192)
= i7(=i)" (2™ + 13l ™)
= (=1)Fiitk (T%ajﬁk + T%aj;k)

does not depend on t and thus fU)(t) - f¥)(¢) as well. Thus for any j € N,

H frA-- A FO) H does not depend on ¢ and then all the curvatures of f must be constant,

2Z = (21,22, ,2m) €EC™and W = (wy,ws, ..., w,) € C™, then

m
Z-W =Y zm;.

Jj=1
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according to the Corollary 2.4. Of course it remains to verify that f is at least 3-regular,
because without this information, it makes no sense to calculate its curvatures. For this

we return to R* and write

cos (tay) —sin (ta;) 0 0 1
in (¢ t 0 0 0
fit) = sin (tay) cos (tay) | (15)
0 0 cos (tag) — sin (taz) T2
0 0 sin (tag) cos (taz) 0

or f(t) = M(t)f(0). Note that M (¢) is an one-parameter family of orthogonal matrices of
determinant 1. Moreover, we have that f)(t) = M(t) f9)(0), for any j € N. Collecting

this information, for j € {1, 2, 3,4}, in an matrix form, we obtain

(f/() £7(8) f7() FO() = M(E) (£(0) £7(0) f(0) FU (1))

In other words, the matrix (f'(¢) f"(t) f"(t) f®(t)) equals

cos (tay)—sin (ta;) 0 0 0 —adr; 0 ajr

sin (ta;) cos (tap) 0 0 airy 0 —adry 0
0 0 cos (tag) —sin (tag) 0 —a3ry 0 airy
0 0 sin (tay) cos (tas) asry 0 —adry 0

Thus the rank of (f'(t) f’(t) f™(t) f@W(t) is equal to the rank of
(f(0) f"(0) f™(0) f™(0)) that is equal to 4, which can be calculated directly or by

using the next Lemma. Now we can calculate the curvatures, by using the Corollary 2.4.

. " a4r2+a4r2
(1) Ky = H,Jj2” _ MVaritagry

3 3. 2.9
ayrytasry

as (a?falag)rlrz

2,2, 2.2 4,2 4,27
a1r1+a2r2)\/a1r1+a27"2

(i) ke = (

a1a2
[ 4.2 4.2°
ajri+asry

As a particular case, consider r; = 1, ry = %, a; = 1, as = 3 and, thus,

(1) K3 =

f(t) = (cos(t), sin(t), % cos(3t), %sin(?)t)), teR.

We have that the curvatures of f are k1 = 4/ f—g, Ko = —\3—%5 and k3 = \/%. Now, we note

that the curve f is contained in the Clifford torus T = S*(1) x S*(3) € S 3(‘/75) where

S 3(‘/75) is the tridimensional sphere of radius \/75 By using the stereographic projection
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\/5551 \/5962 \/5% )

(21, g, T3, XT4) = ; ,
(w1, 22,3, 724) (\/3—2964 V5 =214 V5 — 214

we can visualize the torus and the curve f in R3, as in the picture below

In the Theorem 4.3 below, we get, in particular, the converse of this example: If
a 3-regular curve in R* has constant speed and curvatures, then it is as that in (14), up to
an isometry of R*. To finish, a remark on the angles a; and ay. When they are equal, the
trace of f is contained in the intersection of the hyperplanes 2 — & = O and * — 2 = 0,

which has dimension 2. This would imply that f’, f”, f"" are linearly dependent, ky = 0
and k3 is not defined. Thus the condition a; # a5 guarantees that the curve f is 4-regular.

LEMMA 4.1 Given m distinct real numbers aq, . . ., a,, and any other real number b, de-
fine D(ay, as, ..., a,) and l~)(a1, ..., @y, b) as in the Table 3 below. Then

(i) det D(ay,aq,...,an) = (H;; a;’) IL%; (af - a’?)Q'
(i) det D(as,...,an,b) = (H;nzl a?) [T (af — a?)Q‘

Proof. We use induction on m. The idea of this proof is similar to that used
in the calculation of the Vandermonde determinant. Differently, here, the induction hy-
potheses is attained after two steps. In fact, we start writing D = D(aq,az, ..., ;) =
(D1, Da, ..., Day,), where D; denotes the j™ row of D and then by replacing a? by \ in

the first row of D to construct the polynomial
p(/\) = det((07 _)\) 07 A27 07 RIS (_1>mAm>7 D27 ety DQm)
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Table 3. Matrices for Lema 4.1

0 —a? 0 af 0 (—1)mazm
ag 0 —a} 0 ... (=1)mlg3m ! 0
0 —a2 0 aj 0 (—1)madm
ag 0 —a3 0 ...(=1)mla2m! 0
D(a1,az,...,am) = 0 —a2 0 a 0 (—1)ma2m
0 —aZ 0 a} 0 (=1)maZm
am 0 —a3 0 (—1)m-1g2m-1 0
0 —a? 0 adf 0 (—1)ma?m 0
ar 0 —a} 0 ... (=1)mtam ! 0 (—1)mam+t
0 —a3 0 aj 0 (—1)ma3™ 0
ag 0 —a3 0 ...(-1)mlagm ! 0 (—1)mazmtt
D(ai,....am,b) =] 0 —a3 0 aj ... 0 (—=1)™a3™ 0
0 —a?, 0 a} 0 (—1)ma2m 0
am 0 —ad, 0 (—1)m-1g2m-1 0 (—1)ma2m+l
b 0 0 0 0 0 0

Hence, p either is zero or has degree at most m. Since a matrix with either one zero
row or two equal rows has zero determinant, we get that p vanishes at 0 and ajz, for each

2 < 7 < m. We claim that the degree of p is exactly m. In effect, the coefficient of \™ is
en = (=)' (=1)" Miomy = (—1)™"" Miom),
where M (o, is the (1, 2m)-minor of D. By factoring out a;, we get

1 0 —a? 0 ... (=" ltgim?

0 —a2 0 aj ... 0

ag 0 —ad 0 ...(=1)"tagm !
M1(2m) = a det 0 —(lg 0 (lg “ee 0

0 —a?, 0 at ... 0

am 0 —a2 0 ... (=1)m"1g2m-1

Denoting the (2m — 1) x (2m — 1) matrix above by B = (By, B, . . ., Ba,, 1), we define

LAJM v.1.n.1 (2022) 69


Leandro Nery
69


@ LAJM - LATIN AMERICAN JOURNAL OF MATHEMATICS

q(A) to be
det((l, O, —)\, 0, ey (_1)m71)\m71)7 BQ, ey Bmel)-

Note that we have substituted a? by A in the first row of B. The induction hypotheses
guarantees that the polynomial ¢ has exactly degree m — 1 because the coefficient of

A1 equals

A1 = (=)= —1)""1det D(ay,as, ..., an)
= (—=1)™"'det D(ag,as,...,a,) # 0.

Looking back in the polynomial p, we see that

tm = (=1)" " arq(a7) # 0,

because ¢ = m — 1 and ¢ vanishes at a2, a3, ..., a2, that are m — 1 distinct numbers.

Now, we can factor p as
P(A) = em AA=a3)(A=a3) - - - (A=aZ,) = (1) ay q(a?) MA—a3)(A=a3) - - - (A=a,),

which implies

det D = p(a}) = (—1)" " ay q(ay) a? H(af - a?)

m =2 (16)
= (=)™ af g(ai) H

7j=2
Again from the induction hypothesis, we obtain that

g(A) = di-1 (A — a3)(A — az) -+ (A — ag,)

= (1) det D(a, as, ..., am) [[(A - a})

(e (ﬁ ) ( I (- a?)2> [T,

j=2 2<i<j

whence, we obtain ¢(a?) equal to
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which substituted in (16) yields finally
det D = (H a;’?) H (al2 — a?)Z.
j=1 i<j

The result in (i1) follows easily from (i), completing the proof. U

REMARK 4.2 The element d;; of D(ay,ay,...,a,) equals f9(0) - e;, where e; is the
i™ vector of the canonical basis of the R?™ and f is as in the following classification

theorem.

THEOREM 4.3 Letv > 0 and x;, 1 < 57 < n — 1, be constants such that xk; > 0,
1 <j<n-2 andk,—1 # 0. Let f be a curve with speed v and curvatures k;,
1 < j < n— 1. Suppose that n is even. Then there exist positives real numbers a; and r;,

1 <j <m,m = 3, such that, up to an isometry,
t) = ita; itas itam
ft) = (riet re' 2 o rpetttm),

where ¢''% = costa; + 1 sinta;.

Proof. Some of the ideas in this proof are suggested in [6] (2.16-Remark). We

give a full proof for n = 4 and believe that its extension to the general case is very easy.

Let fbe the 3-regular curve obtained from the unique solution
V= (V1, Va, V3, V)

of the linear system M V = V"’ or, more explicitly,

0 wvk; O 0 i Vi
—vky 0 wvky O Vool | W

0 —vky 0 vk Vs B Vi 7

0 0 —vky O Vi Vi

with the initial condition V' (0) = (Q1, Q2, Q3, Q4), where {Q1, @2, @3, Q4} Will be an
orthonormal basis defined as follows. The existence of the curve ]7 is guaranteed by
the Theorem 3.1. Remember, f(t) = fg v Vi(u)du. Since M is skew symmetric, we

obtain from the normal-form of a skew symmetric matrix theorem an orthonormal basis
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{Q1,Qs,Q3,Q4} that reduces M to

0 a;z 0 O
a0 0 0
o0 0 al’

0 0 —ay 0

where 0 < a; and 0 < ay. Actually, N' = TQ M @, where @ is the 4 x 4 matrix whose
columns are the vectors (J1, (2, @3, Q4 viewed as column vectors. By rewriting the equa-
tion MV = V', with V(0) = (Q1, Q2, Q3,Q4), in terms of N, we get (QN TQ)V =V,
which is the same as

NIQV)="QV' =(QVY,

subject to
("QV)(0) = E = (1, 3, €3, €4),

where {e1, e, 3,4} is the canonical basis of R%. By the uniqueness of solution of the

equation above, we must have Q V = ¢V E or V = TQ eV E, where, explicitly,

q11 421 431 G41

T 12 422 432 442
Q= ;

q13 423 433 G43

q14 424 §34 Gaa

cos (art) sin (aqt) 0 0
N — sin (aqt) cos (ait) 0 0
(& =
0 0 cos (agt) sin (ast)
0 0  —sin(aqt) cos (ast)
and
€1
E=|"
€3
€4

The fours first rows of the product V' = TQ "V E is

q11 COS

( (at) V@i + @ (—sin (ait — ¢1))

(a1t) + go1 cos (art) . vV Q%l + Q§1 cos (ait — ¢)
(ast)
(ast)

q11 sin
Wi(t) = = .
31 cos (ast) — qq1 sin V@ + ¢4 (—sin (agt — ¢3))

vV qgl + eﬁl COs (a2t )
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where ¢; and ¢, are such that

. q11 421

Sincp = ﬁ, COS C; = ﬁ’
Va1 + a3 Vi1 T4

. 431 441

SN Cy = ————, C0SCy = —F———.

Q§1 + qi‘il vV Q32,1 + Qi

Note that V/ is in fact an unit vector field. Integration of v V] yields

/2 + 2
qlall =L cos (a1t —c1) r1 cos (a1t — ¢
i )

/2 2
9111395

ai

f(t):/vVl(t)dt:V SR :

az

/2 | 2
93114941

az

)
1 sin (ait — ¢q)

o cos (ast — ¢y

)
. i t—
sin (@l — ¢) o sin (agt — ¢3))
Since we know that fis 3-regular, it follows that a; # as, according to the remark that
we did at the end of the example above. Furthermore, vp=v and K; = k;, 1 <7 < 3.
A simple computation shows that the curve f obtained from fby taking ¢; = ¢ = 0
has also the speed v and curvatures x;, 1 < j < 3, for the inner products involving its
derivatives are exactly the same as those of f. We are done. U

REMARK 4.4 In[1] and [12], we find an approach involving one-parameter subgroup of
isometries to perform the calculations of the curvatures as well as to prove the constant
curvature classification theorem. Here, in (15), we have one example of such a subgroup,
namely, M (t), since M (t; + t3) = M (t1) M (t2).

4.2. The Odd Dimension Case
Consider the following generalization of the circular helix f(¢) given by

(r1 cos (ait) ,ry sin (aqt) , ro cos (ast) , ro sin (ast) , bt),

t € R, where aq, as, 71 and o positive numbers with a; # as and b # 0. The complex

representation of f in C3 is

g(t) = (f(t)c = (rie""™ e’ bt),

Note that ¢'(t) = (irja1€l'® iryaqsel®®? b), ¢"(t) = (—rialel®™, —rya?el®® 0). More
generally,

g(j)(t) _ (ijrla{eit(zl : ijr2a31'eita27 0)7
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whenever j > 1. So
=11 = 1917 =262+ r2a2 + 03, S0 = 6] = atr? 4 e
= — g — Tla/l + T2a2 _I_ 3 ||f || = ||g || — alrr»l + a2,r=2
and
£ =R g") = R(— (a4 adrd) = 0.

As before, we get that f)(t) - f®)(t) = R(gV)(t) - ¢*)(¢)) does not depend on ¢ and thus
all of the curvatures of f must be constant. Of course it remains to verify that f is at least
3-regular, because without this information, it makes no sense to calculate its curvatures.
For this we return to R* and write f(t) = N(¢)f(0) + (0,0, 0,0, bt), where

cos (tay) —sin (ta;) 0 0 0

sin (tay) cos (ta) 0 0 0

N(t) = 0 0 cos (tag) —sin (tas) 0
0 0 sin (tay) cos (tas) 0

0 0 0 0 1

Note that N () is also a family of one-parameter of orthogonal matrices of determinant 1.
By collecting the derivatives f\)(t), for j € {1,2,3,4,5}, in an matrix, we obtain that
(f(t) f"(t) f™(t) fO(t) fO(t)) is equal to the product

0 —airy 0 ajr O

airy 0 —adry 0 aSry
N@)| 0 —adry 0 ajry O
asry 0 —a%rg 0 agrg

b 0 0 0 0

The Lemma 4.1 implies that the rank of

(f'() £7() f(t) FO) FO)

is equal to 5. Hence f is S5-regular and then we can calculate its curvatures, by using the
Corollary 2.4.

£l _ y/airi+airs
ol =
v

22, 2.2 >
ajritasry

(1) k1 =

as (a%—alag)rlrz

b
(atrivard)y/alrTrod s

(i1) kg =

L
111) R3 = .
W s = vt et

Now the theorem for the odd dimension case.
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THEOREM 4.5 Letv > 0 and x;, 1 < j < n — 1, be constants such that k; > 0,
1 <j<n-2 and k,—1 # 0. Let f be a curve with speed v and curvatures k;,
1 <7 < n — 1. Suppose that n is odd. Then there exist positives real numbers a; and r;,

1<j<m,m= ”T_l and b # 0, such that, up to an isometry,

F(t) = (rett @ mette2 et bt).

Proof. It is similar to that of the Theorem 4.3. The only difference is that the

matrix A is now

0 agz 0 00
—a; 0 0 00
N = 0 0 0 a0 ], (17)
0 0 —ag 00
0 0 0 0O
whence,
cos (art) sin(aqt) 0 0 0
— sin (a;t) cos (a;t) 0 0 0
N = 0 0 cos (ast) sin (ast) 0
0 0  —sin(ast) cos(ast) 0
0 0 0 0

This gives us the following curve f(t):
(r1 cos (art) ,r sin (aqt) , o cos (ast) , ro sin (ast) , bt).

Of course, there exist other possibilities for NV, for instance, A/ could be

0 a;000
—a; 0000
N = 0 0000 |,
0 0000
0 0000

which would lead to a curve of the kind
f(t) = (rycos (art) ,rysin (art) by t,bat, bst),
which has k3 = 0 and undefined x4. Similarly, any possibility other than N in (17) is

discarded. Of course, we have considered n = 5. The general case is almost as this.  [J
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