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Abstract

In this paper we introduce a weighted Fock space #. This space which gives a generalization
of some Hilbert spaces of analytic functions on the complex plane C like, the classical Fock
space ¥, the Dunkl type Fock space ¥, and the Bessel-Struve type Fock space F,, it plays
a background to our contribution. Especially, we examine the extremal functions for the
difference operator D f(z) := Zl—z( f(z)—zf'(0) — f(0)), and we deduce approximate inversion
formulas for the operator D on the weighted Fock space ¥;.
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1 Introduction

Tikhonov regularization, named for Andrey Tikhonov, is a method of regularization of ill-posed
problems. In statistics, the method is also known as ridge regression, it is particularly useful
to mitigate the problem of multicollinearity in linear regression, which commonly occurs in
models with large numbers of parameters [7]. In general, this method related to the Levenberg-
Marquardt algorithm for solving nonlinear least squares problems. Tikhonov regularization
has been invented independently in many different contexts. It became widely known from its
application to integral equations from the work of Andrey Tikhonov [19, 20, 21] and David L.
Phillips [10]. Some authors use the term Tikhonov—Phillips regularization.

Before the applications to the Tiknohov regularization, we shall examine the concept of the
Moore-Penrose generalized inverses from the viewpoint of the theory of reproducing kernels.
Here, we will be able to realize the natural and powerful method of the theory of reproducing
kernels for the best approximation problems that lead to the Moore-Penrose generalized inverses.

Let E be an arbitrary set and let Hx be a reproducing kernel Hilbert space admitting the
reproducing kernel K on E. For any Hilbert space H we consider a bounded linear operator T
from Hg to H. Then the following problem is a classical and fundamental problem which is
known as best approximate mean square norm problems

inf (TS = I . 1D
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Inequalities associated with certain operators

where h € H is given. If there exists F7.(h) € Hx which attains this infimum, the problem (1.1) is
called solvable otherwise it is called unsolvable. If Hg is a reproducing kernel Hilbert space
admitting a reproducing kernel K(p, q) on a the set E then whether the problem (1.1) is solvable
or not, the following problem

: 2 2
nf (MIFIR, + T = ki, (12)

is always solvable for all A > 0 and we obtain a method for determine the extremal function
FZ’T(h) € Hx which attains the infimum (1.2).

The problem (1.2) is called the Tikhonov regularization for the problem (1.1) and if the
problem (1.1) is solvable then we have

Fy p(h) — Fp(h) as A — 0",

in Hk and F}.(h) is the element which attaints the infimum (1.1).
Let H be a Hilbert space and T : ¥3 — H be a bounded linear operator. The main goal of the
paper is to find the minimizers for the following extremal problem:

'f{/\ 2+T—h2},
int {AIFIG, + 1T = kI

where h € H and A > 0. Here ¥ are a weighted Fock spaces of analytic functions. These spaces
and some important operators on them were studied in detail by Shields [15] and later by many
followers and, for instance, we can and in [4, 11] a standard references for them. We expect that
the results of this paper will be useful when discussing the extremal function associated to the
bounded linear operator T. As applications, we come up with some results regarding the Dunkl
type Fock space ¥, and the Bessel-Struve type Fock space Fg.

Fock space F (see [1]) is the Hilbert space of analytic functions f on C such that

1 _ .
IfII3 == — /Cd If(z)]2e 1 dxdy < 0, z=x+iy.

The space ¥ is called also Segal-Bargmann space [2] and it was the aim of many works [3, 23].
Recently the author of the paper studied the extremal functions for some operators on the Fock
space F (see [17]).

In this paper, we introduce the weighted Fock space ¥, which is the set of all analytic
functions f in C, with f(z) = },7";a,2z", such that

o0
2 2
IFI5 = > Bulanl® < oo,
n=0

where 8 = {$,} is a positive sequence so that

lim sup(ﬁn)_l/’1 =0.

n—o0

The space ¥ is a reproducing kernel Hilbert space (RKHS) that gives a generalization of
some Hilbert spaces of analytic functions in the complex plane C like, the Fock space ¥ (see
[1, 3, 23]), the Dunkl type Fock space ¥, (see [16]), and the Bessel-Struve type Fock space F,, (see
[18]).

Let D : ¥3 — ¥ be the difference operator given by
1
Df(z) = 5(f(2) - zf(0) - f(0)), [ €TFp.
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The main goal of the paper is to find the minimizer (denoted by F} ,,(h)) for the extremal
problem:

' 2 _ 2
inf {2171, +1DF = bIF .
where h € F5 and A > 0. We prove that the extremal function F} () is given by

Fy p()(@) = (b, W)y,

where

n+2
W, (w) = Z A(;jﬂ g w € C.

Moreover, we establish approximate inversion formulas for the difference operator D on the
weighted Fock space 5. A pointwise approximate inversion formulas for the operator D are
also discussed.

Recently, the analog results are also proved, for the Fock space ¥ (see [17]), for the Dunkl
type Fock space ¥, (see [16]), and for the Bessel-Struve type Fock space Fg (see [18]).

The paper is organized as follows. In Section 2 we introduce the weighted Fock space 7.
In Section 3 we examine the extremal functions for the difference operator D. In Section 4, we
establish approximate inversion formulas for the operator D on the weighted Fock space #3. In
the last section, we summarize the obtained results and describe the open questions.

2 Weighted Fock space

We consider a sequence = {,}, with 8, > 0, such that

1/n

lim sup(B,)~

n—o0

The weighted Fock space ¥} is the set of all analytic functions f in C, with f(z) = 3}, a,z",
such that

o0
2 2
IFIE = > Bulanl® < co.
n=0

It is a Hilbert space when equipped with the inner product

(f18)75 = ) Budnbu,
n=0

where f, ¢ € Fg with f(z) = 37" a,2z" and g(z) = }.7°_ buz". The set { z } . forms a Hilbert’s
ne

VBn

basis for the space . The function K¢ ., z € C, given by

— (Zw)"
K%Z(w)::z(ﬁ) , weC,
n=0 n

is a reproducing kernel for the weighted Fock space 7.

If B, = n!, the corresponding weighted Fock space is the Segal-Bargmann space ¥ (see [1]).
This Hilbert space has the reproducing kernel

K¢ .(w)=e"?, w,zeC.

14



Inequalities associated with certain operators

_ 2"([n/2])!
1 = T(v+1) K

corresponding weighted Fock space is the Dunkl type Fock space ¥, (see [16]). This Hilbert
space has the reproducing kernel

[n i 1] +v+1),v > -1/2, where [n/2] is the integer part of 1/2, the

K¢, .(w) = E,(wz), w,z€C,

where E, is the Dunkl kernel given by

E,(w) := jy(iw) + )]V+1(zw)

2(v +1

Here

ju(z) = 2T (v + 1)MZ)

where [, is the Bessel function [5, 22].

Van!l(5 +v+1) _ ‘ .
If B, = ,v > =1/2, the corresponding weighted Fock space is the Bessel-
I(v+ 1%

Struve type Fock space F,, (see [18]). This Hilbert space has the reproducing kernel

Kg, ;(w) = S,(wz), w,ze€C,
where S, is the Bessel-Struve kernel given by
Sy(w) := jy(iw) —i hy,(iw), w €C.

Here
hy(z) = 2'T(v + 1)—22 V(Z)

where H,, is the Struve function [5, 22].

In the next of this paper, we suppose that there exists a constant ¢ > 0 such the sequence
{Bn} satisfies the condition
Bn

n-2

>c, VYn>2. (2.1)

The condition (2.1) is verified in the precedent three cases: in the classical Fock space ¥, in the
Dunkl type Fock space ¥, and in the Bessel-Struve type Fock space F,.

3 Difference operator

Tikhonov regularization in statistics is the method of ridge regression. In general, this
method related to the Levenberg—-Marquardt algorithm for solving nonlinear least squares
problems. Tikhonov regularization has been invented independently in many different contexts.
It became widely known from its application to integral equations [20, 21].

Let # be a Hilbert space, and let T : ¥3 — # be a bounded linear operator from ¥ into 7.
Let A > 0. We denote by (., .)),; the inner product defined on the space ¥ by

(fr&m7 =Mf, 87 +(Tf, T

The two norms ||. ||gz_7g and .|| AF; are equivalent. In particular, we have

7732()

@I < Il | ——

, f€FpzeC.
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Then the space %, equipped with the norm ||.|[; #; has a reproducing kernel K, #; .. Therefore,
we have the functional equation

(AI+TT)Ky g =Kg., z€C, (3.1)

where [ is the unit operator and T* : # — ﬁ; is the adjoint of T.

For any h € # and for any A > 0, we define the extremal function F ;.(h) by

Fj\,T(h)(Z) =(h, TK/\,ﬁ,Z)/‘”// zeC.

Then by (3.1) we deduce that

Fyr(h)(z) = (T"h, Ky 5:)7
= (T'h, AL+ T'T) 'Ky, )5,
= (A +T'T)'T"h, Kg; 2)7;-
Hence
Fy p(h)(z) = (Al +T*T)"'T*h(z), ze€C. (3.2)

The extremal function F; T(h) is the unique solution (see [12], Theorem 2.5, Section 2) of the
Tikhonov regularization problem

inf {AIFIZ +IITf = R .
inf LAIFI, + 11 = HiE,
Let D be the difference operator defined for f € ¥ by

Df(2) = 5 (f() = 2'0) - FO).

The difference operator D is also studied in [6, 17, 18]. For f € ¥ with f(z) = 3}, a,z" we have

o0

Df(z):= Z YA (3.3)

n=0

We emphasize the inversion is meaningful only on {f : f(0) = f’(0) = 0}. From (2.1), the operator
D maps continuously from ¥ into ¥, and

1
e

Building on the ideas of Saitoh [12, 13, 14] we examine the extremal function associated with
the difference operator D.

IDfllg < —=Ifll-

Theorem 3.1. (i) For f € Fg with f(z) = ;" a,z", we have

ﬁn—Z
B

a,z".

D*f(z) = Z ﬁ;_Z an—2z", D'Df(z) = Z
n=2 n n=2

(ii) Forany h € Fp and for any A > 0, the problem

. 2 _ 2
int {21715, +1Df = hIF |
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has a unique extremal function given by

F;,D(h)(z) = <hzwz>ﬁ/

where

n+2
\Ilz(w) Z A(‘Bzy)prz n ﬁn w € C.

Proof. (i) If f, g € F with f(z) = ;" a,2" and g(z) = X, byz", then

<Df/ g>ﬁ; = Zﬁnan+za = Zﬁn—Zanm = <f/ D*g>ﬁ/
n=0 n=2

where

D"g(z) = Z ﬁ;—Z bn_zz”.
n=2 n

And therefore

D*'Df(z) = i ﬁ;_2 a,z".
n=2 "

(i) We put h(z) = X" yhyz" and Fy p(h)(z) = YimeoCnz". From (3.2) we have (AI +
D*D)F; ,(h)(z) = D*h(z). By (i) we deduce that

co=c1=0, Cn:%, > 2.
Thus
Fy p(h)(z) = Z Aﬁn+z+ﬁn 2= (h, W), (3.4)
where .
. (w) = Zﬁgﬂ%zwo
The theorem is proved. ]

If F is the classical Fock space ¥ . For f € ¥ with f(z) = 37", a,z" we have

* = an—Z n * = a?’l n
= E D*D = E _
D'fz) n(n — 1)Z ’ f@ n(n-1)
n=2 n=2
And for any h € ¥ and for any A > 0, one has

F, p(h)(z) = (h, Vz)5,

where

(o]

F\1+2,,,1
%M:%m[@)w

NA(m +2)(n +1)+1]

If F3 is the Dunkl type Fock space . For f € F, with f(z) = }7", a,z" we have

A2n-2 A2n-1 S2n+1
Df) = Z4n(n+v) Z4n(n+v+l) ’
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* - a2n aA2n+1 ,2n+1
D*D = .
f@) ;4n(n+v) 2471(11 +v+1)

And for any h € ¥, and for any A > 0, one has
Fy p(h)(z) = (b, ¥2)g,  Wa(w) = Vi(w) + V(w),

where

o

. B F(V + 1)(z)2n+2w2n
Pa(w) = ;] P2iaA(n+ Dn+v+ D)+ T+ v + 1)

(o]

Wow) = Y I(v +1)(E)2"Pw?!
T L2 4 (n + 1)(n + v +2) + 1]T(n + v +2)’

If 7 is the Bessel-Struve type Fock space F,. For f € F, with f(z) = },7", a,z" we have

) B ) I"(n+1)1"(71 +V) n
Df(z)—nz; n(n 1)r(ﬂ 1)r(”+v+1) 2
* = (5 +v) n

D'Df(z) = ; n(n - DI(Z)0G +v + 1)’1”2

And for any h € F, and for any A > 0, one has

Fy p(h)(z) = (h,¥2)z,,

where
T(v + 1)L (z) 2w"

HZ:;) Vanl[A(n +2)(n +2v +2) + 1T(E +v +1)

W, (w) =

4 Approximate inversion formulas
In this section we establish the estimate properties of the extremal function F} |, (h)(z), and
we deduce approximate inversion formulas for the difference operator D. These formulas are

the analogous of Calderén’s reproducing formulas for the Fourier type transforms [8, 9]. A
pointwise approximate inversion formulas for the operator D are also discussed.

The extremal function Fj\’ p(h) given by (3.4) satisfies the following properties.

Lemma4.1. If A > 0and h € F, then
(@) |F; p(@)] £ 5= (Kg; 2(2)) [ 1]l
(ii) |DF; p()(@)] £ 57=(K7;,2(2)) 2Nl 5,
(i) ) |F; p (M7 < ﬁnhu%.
Proof. Let A > 0 and & € g with h(z) = 37" h,z". From (3.4) we have
IFy p(M @) < Wzl 17l -

18
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Using the fact that (x + y)? > 4xy we obtain

|Z|n+2 2

s Z P

1 > Z|2(n+2)
72 Bura < 3770)

This gives (i).
On the other hand, from (3.3) and (3.4) we have
DF; (h)(z) = Z Pulbn o = (1, @2 @)
AD Aﬁn+2 + ﬁn ’ B’
where
(wz)"
D, (w
Z( ) Z Aﬁn+2 + ﬁn
Then

IDF; ,(1)(2)] < 1915 1ll ;.
And by (2.1) we deduce that

2 = Zﬁn |

2

1 |z|2" 1
<— — K
ay) Z‘ B = a0 )

This gives (ii).
Finally, from (3.4) we have

* 2 = ﬁn—2|hn—2|]2
173 o0, = ) fraenl |

Then we obtain

1
2 _ 2
I3 o (I < MZﬁn ol = 101,

which gives (iii) and completes the proof of the lemma. m|

We establish approximate inversion formulas for the difference operator D.
Theorem 4.2. If A > Oand h € Fy, then

) lim ||DF; (h) — k|l =0,
() lim IDE} (1)~ hll; = 0
(ii) Alir51+||F3,D(Dh) — hollg; = 0, where ho(z) = h(z) — zh’(0) — h(0).
Proof. Let A > 0 and h € Fg with h(z) = 37" h,z". From (4.1) we have

Aﬁn+2h o

DF, p(h)(z) = h(z) = Z 4 ABis2 P

Therefore )
- Aﬁn+2|hn|

DF* (h) - h|% = -
IDF; o0~ i = 3.5, [Aﬁmwn
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Again, by dominated convergence theorem and the fact that

ABusalhinl 12
,8 [ ﬁn+2| nl S,Bn|hn|2,

! Aﬁn+2 + ,Bn

we deduce (i).

Finally, from (3.3) and (3.4) we have

00 A ;
Fip(DE) -~ ) = 3, Aﬁnf o,

So, one has
ABulhal ]2

* _ 2 —
IF3 D)~ ol = 35, [—Aﬁn L

Using the dominated convergence theorem and the fact that

ABulltal 12
B [m] < ,3n|hn|2,

we deduce (ii). O

Since ¥ is a reproducing kernel Hilbert space, the evaluation function is always bounded
on 5. Then, from Theorem 4.2, we deduce the following pointwise approximate inversion
formulas for the operator D.

Corollary 4.3. If A > 0 and h € ¥, then
(i) /\hr](:)1+DFj\,D(h)(Z) = h(z),

(i) lim F} ,(Dh)(2) = ho(2).

5 Conclusion and perspective

We investigated the extremal function F} (k) related to the weighted Fock space ¥, which
is the solution of the Tikhonov regularization problem

- 2 2
inf {15, + IDf Al | 61)
Some results related to this function on C are proven, such as

F; p()(z) = (AL + D'D)'D*h(z), z€C. (5.2)

The function F} |, also obeys to the following conclusions.
>Let6,A >0and h, hs € Fp such that ||h — hs||ls < 6. Then by Lemma 4.1 (iii), we have

o
|} p(h) = F} p(ho)llg < —=.
AD AD Vi 2\/}

When h, hs contain errors or noises, we need error estimates for (5.2).
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> Let h € ¥, 1in the limit case A — 0, the problem (5.1) reduces to the Tikhonov regularization
problem

inf { Df—-h 2 },
f1€ - || f ||7:ﬁ
and it’s extremal function is defined as

Fop(h)(z) = lim F} (h)(z), z€C.

And from Corollary 4.3 (i), for h € ¥, we obtain

DF; (1)(z) = lim DF} 5 (h)(2) = h(2).

On the other hand, from Corollary 4.3 (ii), for i € ¥, we obtain

Fy p(Dh)(z) = Ali_)r% F) p(Dh)(z) = ho(z) = h(z) - zh’(0) — h(0).
We emphasize the pointwise inversion formula is meaningful only on {% : h(0) = h’(0) = 0}.

In the future work, by using computers, we shall illustrate numerical experiments approxi-
mation formulas for the difference operator D in the case of some examples of weighted Fock
spaces 7—}, when A — 0.
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