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Abstract

In this article, we present the notion of p-statistical convergence in the context of gradual
normed linear spaces and explore connections between statistical boundedness in gradual
normed linear spaces and p-statistical boundedness. Additionally, we introduce the concept
of p-statistical Cauchy sequences in gradual normed spaces and establish the correlation
between gradual p-statistical convergence and gradual p-statistical Cauchy sequences.
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1 Introduction, Definitions and Preliminaries

In 1965, Zadeh [28] introduced the pioneering concept of fuzzy sets, expanding upon classical
set theory. Today, its widespread applications span various scientific and engineering domains.
The term “fuzzy number” assumes a crucial role within fuzzy set theory, representing a
generalization of intervals rather than precise numerical values. Notably, fuzzy numbers diverge
from classical numbers in their adherence to algebraic properties, prompting debate among
researchers regarding their classification. Consequently, some scholars prefer the term “fuzzy
intervals” to delineate this distinction. In an effort to mitigate this ambiguity, Fortin et al. [17]
proposed the notion of gradual real numbers as constituents of fuzzy intervals. Gradual real
numbers are distinguished by their assignment functions, typically defined within the interval
(0,1]. Intriguingly, every real number can be construed as a gradual number with a constant
assignment function. Importantly, gradual real numbers align with the algebraic properties of
classical real numbers and find utility in computational and optimization contexts.

In 2011, Sadeqi and Azari [24] first introduced the concept of gradual normed linear space.
Their exploration encompassed diverse properties of this space, scrutinizing it from both algebraic
and topological standpoints. Subsequent advancements in this area have been propelled by
the works of Ettefagh et al. [14, 15], Choudhury and Debnath [7, 8, 9], and many others.
For an extensive study on gradual real numbers, one may refer to [10, 21], which serves as a
comprehensive resource featuring additional references for further exploration.
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The opinion of statistical convergence depends on the density of subsets of the natural
number N. We say that 6(E) is the density of a subset E of N if the following limit exists:

1y
6(E) = lim — ; xe(k),

n—oo

where x is the characteristic function of E. It is clear that any finite subset of N has zero natural
density and 6 (E) = 1 — 6 (E). Then, the sequence s = (si) is statistically convergent [18] to ¢ if
for every ¢ > 0,

O{keN:|sy—Ll=¢c})=0.

for each ¢ > 0. For more study on statistical convergence, one may refer to [11, 20,22, 23, 26, 25, 27].
The p-density [6] of a set K C N is defined by

O(K) = lim pi [{k <n:keK}|, limsup Pn_n <o0,Ap, =01)and Apy, = pps1 —pn (1.1)

provided this limit exists, where, p = (p,) is a non-decreasing sequence of positive real numbers
tending to co such that for each positive integer n.

If (sk) is a sequence such that sy holds property P(k) for all k except a set of p-density zero,
then we say that sy holds P(k) for “almost all k according to p” and we denote this by “a.a.k (p)”.

A sequence (si) is said to be p-statistically convergent [6] to ¢ if
. 1
lim —|{k<n:|skg -l >¢€}|=0
n—oo pn

where, p = (p,) is a non-decreasing sequence of positive real numbers tending to co satisfying
condition (1.1). For more study on p-statistical convergence, one may refer to [4, 5]. If p, = n
for all n € N, then p-statistical convergence coincides with statistical convergence. The set of all
p-statistically convergent sequences will be denoted by S,. In pure mathematics, p-statistical
convergence serves as a fundamental tool in sequence space theory and summability theory. It
provides a flexible mechanism to generalize classical limits and analyze structural properties such
as inclusion relations, dual spaces and matrix transformations between various sequence spaces
[16, 1]. Within fuzzy and gradual functional analysis, this convergence method is essential for
investigating the behavior of bounded linear operators. It significantly extends the classical reach
of Fuzzy Korovkin-type approximation theorems were established by Baxhaku et al. [29] in 2022.,
allowing researchers to establish uniform approximation properties for sequences of positive
linear operators where traditional analytical convergence criteria fail to hold Furthermore, it
plays a vital role in topological vector spaces and fixed point theory within non classical normed
structures. By utilizing the scaling (p,), mathematicians establish more refined topological
densities to study contractive mappings fixed point invariants and structural completeness across
fuzzy, intuitionistic fuzzy and gradual normed linear spaces [24].

The real number sequence s = (si) is statistically bounded [19] if there exists a number M > 0
such that

5 ({k : |skl > M}) = 0.

The set of all statistically bounded sequences will be denoted by S (b).
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It can be shown that every bounded sequence is statistically bounded, but the converse is not
true. For this consider a sequence s = (sx) defined by

|k, if k is a square
*=1 1, ifkisnota square.
Clearly, (sx) is not a bounded sequence, but it is statistically bounded. Bhardwaj et al. [2, 3] and
Etetal. [12, 13] generalized the concept of statistical boundedness.

Definition 1.1. [17] A gradual real number 7 is defined by an assignment function of5 : (0,1] — R.
The set of all gradual real numbers is denoted by G(R). A gradual real number is said to be non-negative
if for every @ € (0,1], &#(¢) > 0. The set of all non-negative gradual real numbers is denoted by G*(R).

In [17], the gradual operations between the elements of G(R) was defined as follows:

Definition 1.2. Let » be any operation in R and suppose 71,72 € G(R) with assignment functions
'y, and o5, respectively. Then 71 = 72 € G(R) is defined with the assignment function o, .+, given by
A3, (Q) = D7 (@) * D7, () Vo € (0,1]. Then the gradual addition 71 + 7, and the gradual scalar
multiplication A7(A € R) are defined by

Ay 17, () = 5 () + (@) and  Ayi(@) = Az (@) Yo € (0,1].

For any real number p € R, the constant gradual real number # is defined by the constant
assignment function #/5(¢) = p for any ¢ € (0, 1]. In particular, 0 and 1 are the constant gradual
numbers defined by o;(¢) = 0 and «/;(¢) = 1 respectively. One can easily verify that G(R) with
gradual addition and multiplication forms a real vector space [17].

Definition 1.3. [24] Let X be a real vector space. The function || - ||g : X — G*(R) is said to be a
gradual norm on X if for every ¢ € (0, 1], the following three conditions are true for any s, t € X :
(G1) 5115 () = (@) iff s = 0;

(G2) dasiip (@) = |Aljs)1, (@) for any A € R;

(G3) Djjs+111s (P) < Hjjsiiy (@) + 1 ().

The pair (X, || - ||¢) is called a gradual normed linear space (GNLS).

Example 1.4. [24] Let X = R" and for s = (s1,52,...,5m) € R™, @ € (0,1], define || - ||¢ by
A|s|15 (@) = e? X7 |sil. Then || - ||y is a gradual norm on R™ and (R™, || - ||g) is a gradual normed
linear space.

Definition 1.5. [24] Let (si) be a sequence in the GNLS (X, || - ||). Then (si) is said to be gradually
convergent to s € X if for every ¢ € (0,1] and ¢ > 0, there exists N(¢) € N such that o5, ), (@) <
e, Yk = N(p).

Definition 1.6. [15] Let (X, || - ||) be a GNLS. Then a sequence (s ) in X is said to be gradually bounded
if for every ¢ € (0, 1], there exists M = M(¢) > 0, such that o5, (p) < M, Yk € N.

Definition 1.7. [24] Let (sx) be a sequence in the GNLS (X, ||-||g). Then (sk) is said to be gradual Cauchy
if for every ¢ € (0,1] and ¢ > 0, there exists N(¢) € N such that o5, s, (@) < € ¥k, j > N(@).

Definition 1.8. Let (sx) be a sequence in the GNLS (X, || -||¢). Then (s) is said to be a gradual statistical
convergent to s € X if for every ¢ € (0,1] and ¢ > 0, the set {k € N : o5, _q|, (@) > €} has natural

density zero. Symbolically, s ~— 1% .
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2 Main Results

In this section, we will present the main results of the paper. We begin with the following
definition:

Definition 2.1. Let (sx) be a sequence in the GNLS (X, || - ||g). Then, (sx) is said to be gradual

p-statistical convergent to s € X if for every ¢ € (0,1] and & > O, the set {k € N : &5, )|, () = €}
tp=IIIl

has p-density zero. Symbolically we write, s LA

Theorem 2.2. Let (X, || - ||g) be a GNLS. If a sequence (si) is gradually convergent to s € X, then (si)
is gradual p-statistical convergent to s € X.

Proof. Since (si) is gradually convergent to s, so the set {k € N : o/)j5, )|, (@) > €} is a finite set
and so has p-density zero. ]

But the converse of Theorem 2.2 is not true. Example 2.3 clarify this fact.

Example 2.3. Let X = R™ and || - || be the norm defined in Example 1.4. Consider the sequence (si) in
R™ defined as

o= 0,0,...,0,m) ifk=p%peN
k 0,0,....0,0) otherwise

Let 0 denote the element (0,0, ....0,0) € R™ and (p,,) be the sequence defined as p, = n, n € N. Then for
any € > 0and ¢ € (0,1],

{keN: g5 o, (@) > e} €{1,4,9,..}

stp=IIll
and eventually 6,({k € N : &5, 0|1, (¢) = €}) = 0. In other words, sk %, 0in R™. But it is clear

from the definition of sy that (si) is not gradually convergent to 0.
to=Il-ll
Theorem 2.4. Let (sy) be any sequence in the GNLS (X, || - ||¢) such that s 2o, sin X. Then s is
uniquely determined.
to=Illle to—II-Ile

Proof. If possible suppose si S sand Sk L, & for some s # s’ in X. Then we
have, for any ¢ > 0 and ¢ € (0,1], 6,(B1(¢, €)) = 6,(Ba2(¢, €)) = 1 where Bi(p, ¢) = {k € N :
A|js,-s|1s (@) < €} and Ba(@, €) = {k € N : &)j5,_¢, (@) < €}. Choose m € Bi(¢p, ¢) N Ba(p, ¢),
then &jjs,, |1 (¢) < & and jjs,, ¢, (p) < &. Hence ds—s)j, (¢) < Hijs,—s]15 () + Hjjs,, 711 (¢) <

€ + ¢ = 2¢. Since ¢ is arbitrary, so );s_s||, (@) = Z5(¢) and we must have s = s’. O
stp—||Ils
Theorem 2.5. Let (si) and (ti) be two sequences in the GNLS (X, || - ||¢) such that s Y s and
stp—|III
t RN t. Then
sto—||lls sto—|llz

(i) sk + ty ———— s+t and (ii)) Asy, ———— As, for A €R.

to=Illlg to=Il-llg
Proof. (i) Suppose sk SP—> s and fx SP—) t. Then for given ¢ > 0, 6,(C1) = 6,(C2) =0
where C; = {k € N : )5, ), (p) = 5} and C2 = {k € N : &, . (¢) = 5}. Now as the
inclusion (N\ C1) N (N\ C2) € {k € N : &5, 4, —s—t||- (@) < €} holds, so we must have

0p({k € Nt )54t —s—t)15 (@) 2 €}) < 0,(CLUC2) =0;
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stp=|l-llz
and consequently, sy + ty ———— s +£.

stp=||l
(ii) If A = O, then there is nothing to prove. So let us assume A # 0. Then since si SN s,

we have for given ¢ > 0, 6,(C1) = 0 where C; = {k € N : &5, 5. (¢) = ﬁ} Now since
Ars-rslls (@) = [Al)|s,-s]x (@) holds for any A € R, we must have C; € C; where C; = {k € N :
A||rsp-s]lx (@) = €}, which as a consequence implies 6,(C2) = 0. This completes the proof. O

Theorem 2.6. Let (si) be any sequence in the GNLS (X, || - ||¢). If every subsequence of (sk) is gradual
p-statistical convergent to s, then (si) is also gradual p-statistical convergent to s.

Proof. If possible suppose (si) is not gradual p-statistical convergent to s. Then there exists some
¢ >0and ¢ € (0,1] such that 6,(C) # 0, where C = {k € N : &5, (¢) = ¢}. Since p-density
of a finite set is zero, so C must be an infinite set. Let C = {k; < k» < ... <k; <...}. Now define
a sequence (j) as tj = si; for j € N. Then (¢}) is a subsequence of (sx) which is not gradual
p-statistical convergent to s, a contradiction. m]

Remark 2.7. The converse of the above theorem is not true. One can easily verify this from Example 2.3.

sto=l-ll
Theorem 2.8. Let (X, || - ||¢) be a GNLS. A subsequence (si j) of a sequence sk s converges to s

if and only if 6,(K) = 1, where K = {k; : j € N}.
Proof. For any ¢ € (0,1] and ¢ > 0, define the sets:
Me={keN: 5,5, (p) 2 e} and M ={kjeK: dllsk].—sng((P) > ¢}

Note that M = KN M,.
stp=Il"ll
Necessity: Let (sg;) SN s, which implies 6,(M;) = 0. Since this convergence property must

hold and then M, C K¢, which implies, M N K¢ = M, Taking the p-statistical density on both
sides, 6,(M. N K) = 6,(M;) By the hypothesis that the original sequence converges, we have
0p(M¢) = 0. Since M, is arbitrary then we have 6,(M. N K°) = 0 implies 6,(K¢) = 0. Therefore,
by the properties of complementary sets, we conclude

5p(K)=1-8,(K)=1-0=1.

Sufficiency: Assume 6,(K) = 1. Since M; = KN M. C M., it follows that for every n € N, the
counting functions satisfy |[M}(n)| < [M(n)|. Multiplying by pin and taking the limit then we
have,

1 1
0 < lim —|M.(n)| < lim —|M(n)| = 8,(M,) = 0.
n—oo ‘On n—-oo pn

stp=II-lls
Therefore, nh_r)r.}o pl—nIM;(n)l = 0, that implies 6,(M;) = 0. Hence, (sx,) BN |

Theorem 2.9. Let (sx) and (tx) be two sequences in the GNLS (X, || - ||g) such that (t) is gradually
convergent and 6,({k € N : s # tx}) = 0. Then (sx) is gradual p-statistical convergent.

Proof. Suppose 6,({k € N : sg # tx}) = 0 holds and l—lﬂa t. Then for every ¢ > 0and ¢ € (0,1],
{k € N: &y, (@) 2 €} is a finite set and therefore

5p({k eN: ﬂlltk—tllg((f)) >¢})=0. (2.1)
Now since the inclusion

{k e N: 5,4, (@) = e} S{k € N: &)y, (@) = e} N {k € N:sp # tg}
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holds, so using Equation (2.1) and the hypothesis we get
Op({k € N: jjs,—, (@) 2 €}) = 0.

stp=Illlz
Hence sy —— t and the proof is complete. m]

In ([15], Theorem 3.5), Ettefagh et al. proved that in a GNLS every gradual convergent
sequence is gradually bounded. But this result is not true in the case of gradual p-statistical
convergence. Put p, = n,n € N and consider the gradual normed space (R?, || - ||¢) with the
gradual norm defined in Example 1.4. Consider the sequence (sx) in R? defined as

s = 10k, if k=p%peN;
B (0,0), otherwise.

Then it is clear that (sx) is not gradually bounded but gradually p-statistical convergent to
(0,0) € R,

Definition 2.10. Let (sx) be a sequence in the GNLS (X, || - ||g). Then (si) is said to be gradual
p-statistical bounded if for every ¢ € (0,1], there exists M(= M(¢p)) > 0 such that 6,({k € N :

A jselle (@) > M}) = 0.

Theorem 2.11. Let (X, || - ||g) be a GNLS and suppose (si) is a gradual p-statistical convergent sequence
in X. Then (sy) is gradual p-statistical bounded.

Proof. Suppose that (sx) is gradual p-statistical convergent to s € X. By Definition 2.1, for any
given ¢ € (0,1] and any ¢ > 0, the set

Ke={k e N: 5, () > €}

has p-density zero. That is, for K.(n) = {k < n: k € K.}, we have
) 1
lim —|K¢(n)| =0. (2.2)
n—oo pn

Then, /)., (@), we have the following bound for all k € N,

A jsells () < Hjsi—s115 (@) + 510 (@)

Now, fix ¢ = 1 and choose a bounding constant M such that M > 1 + o5, (¢). Let us define the

set,
By = {k eN: ‘QfHSkH?((P) > M}

For any k € By,
M < d)jsp15 (@) < A5 —s]15 (@) + 510 (@)

Then we find,
Hsi=slly () 2 M = g5 (@) > 1 = e

This implies that if k € By, then k must also belong to Ky = {k € N : &5, (¢) > 1}. Thus, we
have
By € Ky

= [Bu(n)| < |Ki(n)|

1 1
= 0 < —|Bm(n)| £ —|Kq(n)]
Pn Pn
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Taking the limit as n — oo on both sides and substituting the hypothesis limit from (2.2) for
e =1, we get:

0 < lim i|BM(n)| < lim i|K1(n)| =0.
n—0o pn n—0o pn
It follows that,
lim —— By (n)] = 0.
n—oo pn

Therefore, the p-density of the set {k € N : &5, |, (¢) > M} is zero. By Definition 1.6, the
sequence (si) is gradual p-statistical bounded. m]

Theorem 2.12. Let (s) be a sequence in the generalized normed linear space (GNLS) (X, || - ||¢) and

stp=|lllz

Pr < co. If sx ——— s, then

let p = (pn) be a sequence of positive real numbers satisfying H = sup -

n

st=||llz
Sy — S.

Proof. Let ¢ > 0 be arbitrary,
K, ={keN: ‘Q{”Sk—sllg((P) > ¢}
Foreachn € N, let K.(n) = {k < n : k € K, }. The cardinality of this truncated set is denoted by

tp=IlIl
|K¢(n)]. By the hypothesis that si Ze, s, the p-statistical density of K is zero. Therefore,

lim pilKé-(n)| =0. (2.3)

Given that H = sup £, it holds by definition that £ < H for every n € N. Taking the reciprocal
n

the inequality:

(2.4)

Since |K¢(n)| > 0, multiplying both sides of (2.4) by the cardinality of the subset preserves the
inequality, establishing that:

0< K ()] < %m(nn (2.5)

Taking the limit as n — oo across the inequality in (2.5), we obtain:
.1 .1
0 < lim —|K.(n)] < H- lim —|K.(n)|
n—oo 1 n—00 pn
Applying our hypothesis limit from (2.3) to the right-hand bound gives:

1
0 < lim =|K.(n)| <H-0=0
n—oo 1

It follows that: .
lim —|K:(n)| =0
n—oo n
t=]-11;
This implies that the natural statistical density of K, is zero (i.e., 5(K.) = 0). Hence, s il”f;,
S. O

The converse of the above theorem is not necessarily true. The following example clarify this
fact.
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Example 2.13. Let X = R" and let || - || be the generalized norm defined in Example 1.4. Let (p,) be a

sequence of positive real numbers satisfying lim p, — oo and lim P—% — oo. Consider the sequence
n—00 n—oo Fn

(sk) in R™ defined by

o = 0,0,...,0,pn), ifk= n3forsomen €N,
k= (0,0,...,0,0), otherwise.

—|-
We shall show that sy 2t 0 but (sy) is not gradual p-statistical convergent to 0.

Justification: First, let € > 0 be arbitrary. We examine the standard natural statistical density of the set
of indices where the generalized norm of sy deviates from 0. We have

Ke(n) ={k < n: dys,—o),(¢) = €}

Since sy # 0 only when k is a perfect cube, at most the number of perfect cubes less than or equal to n.
Thus, for any & > 0, we have

IKc(n)| < {k <n:k= m3forsome m e N} = [Vn] < Vn.

Therefore,
. o V1
< = < e 23
0. lim - |Kc(n)| < lim == = lim — =0,

|-
That implies, 6(K.) = 0, which proves that sy 2, 0. Next, we demonstrate that (sy) fails to converge

gradual p-statistically to 0. Choose a specific threshold ey = e? for ¢ € (0, 1] such that the membership
function o5, |, (@) > € is satisfied for all non-zero terms sy where k = n®. For a given n € N, and
the number of perfect cubes less than or equal to n, which is given by | ¥n]. We can express this value as
| Vn] = ~n —t,, where 0 < t, < 1. Evaluating the p-statistical density weight for this set, we have

1 1 Wn ot
—Hk <n: Ay, o > = — || ==
o H{k <n: 950, (@) 2 €0}l o [Vn] o o

Taking the limit as n — oo on both sides, we have

1
lim —|{k < 1 : )5, o), (¢) = €0} = 00 =0 =00 #0.

n—00 pn

Since the limit is non-zero, the p-statistical density 0,({k € N : o5, oy, () > €0}) # 0. Consequently,
(sx) is not gradual p-statistical convergent to 0.

=[l-llz to=II"lle
Theorem 2.14. Let (si) be a sequence in the GNLS (X, ||-||¢) such that sy & s. Then, sy e, s

holds ifigf% > 0.

Proof. The proof easily follows from the following inequation
1 ¢ Py 1 ¢
= [{k eN: 55|15 (@) 2 P} |2 (inf—) - — | {k € N: Fj5, 51, (@) 2 P} | .
n n n pn

O

Corollary 2.15. A necessary and sufficient condition for a gradual statistical convergent sequence (si) in
the GNLS (X, || - ||z) to be gradual p-statistical convergent is that inf% > 0.
n
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Definition 2.16. Let (sx) be a sequence in the GNLS (X, || - ||g). Then (s) is said to be strongly gradual
p-summable to s in X if

n—oo pl’l

1%
lim — " i1, () = 0.
k=1

Theorem 2.17. Let (si) be a sequence in the GNLS (X, || - ||z). If (sk) is strongly gradual p-summable

Stp_ll'”?
to s then s, ——— s.

Proof. Let (si) be strongly gradual p-summable to s in X. Then, by definition

1 v
}ggo—n;ﬂnsk—sng(@) =0 (2.6)
holds and eventually, we have
1 v 1 § 1 §
R Ao _ - = — Ao, _ + — s, — @
pn; lse—slls (#) o ; lIse=slls (¢) o ; lse—slls (#)
As-sllg (P)>€ js—slly (P)<e
1 n
z — Z 551l (®)
P k=1

Asy-slig ()€

&
> P_ | {k <n: 'Q{HS[(—S”f((P) > 8} | .

Letting n — oo and using Equation (2.6), we obtain

.1
lim — | {k <n: .Qstk_st((p) > €} |= 0.

n—0o0 pn

stp=IlIllg
Hence, sy ——— s. m]

to=Illle
Theorem 2.18. Let (sx) be a gradually bounded sequence in the GNLS (X, || - ||2). If sk e, s then
(sk) is strongly gradual p-summable to s.

. stp=IIllz
Proof. Since sy — s, so for any ¢ > 0,

.1
lim — | {k < n: 5,5, (¢) > €} |=0. 2.7)

n—o0 pn

Now since (s) is gradually bounded, such that Vk € N and for any ¢ € (0, 1] and for any ¢ > 0,

1 n 1 n 1 n
— Z sl () = — Z [sy-sls (P) + — Z 551l (®)
Pn =1 Pn k=1 Pn k=1
Ds-slly (P)=€ A s, sl (P)<e
1 - 1 -
> — 1+— (s3]l (P)
iy ; on ; lIsk=sllz
s sl ()2 Hjs—sllg ()<

1 n
> — | {k <n: ‘QiHSk—S”fg‘((P) > 8} | +¢ - —.
Pn Pn
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From Equation (2.7) and the above inequation we have

1%
lim — Z s —sls (@) = 0.
" k=1

Hence, (sk) is strongly gradual p-summable to s. This completes the proof. m]

Definition 2.19. Let (sx) be a sequence in the GNLS (X, || - ||g). Then (si) is said to be gradual
p-statistical Cauchy if for every € > 0 and ¢ € (0, 1], there exists a natural number N(= N(¢, €)) such
that 6,({k € N : )5, sy |1s (@) = €}) = 0.

Theorem 2.20. Let (X, || - ||z) be a GNLS. Then every gradual p-statistical convergent sequence in X is
a gradual p-statistical Cauchy sequence.

stp=II]l;
Proof. Let (sx) be a sequence in X such that sy ", 5. Then for every ¢ > 0and ¢ € (0,1],

6p(B1(@, €)) = 0 where B1(¢, €) = {k € N: &5, 5. (@) > €}. (2.8)

Choose N € N\ Bi(¢, ¢). Then we have &5, _q);. (@) < €.
Let Bo(@, €) = {k € N : &5, sy (@) = 2¢}. Now we prove that the following inclusion is
true

Ba(¢p, €) € Bi(g, €). (2.9)

For if p € Bo(g, €) we have

2e < s, -sylls (@) < D)is,-s)1e (@) + D)js—sy|1s (@) < D)5, 510 (@) + &,

which implies p € Bi(¢, ¢) and so Equation (2.9) is true. From Equation (2.8) and Equation
(2.9) we conclude that 6,(B2(¢, €)) = 0 which means that (sy) is a gradual p-statistical Cauchy
sequence. O

3 Conclusions

In this study, we have investigated several core characteristics of p-statistical convergence in
gradual normed linear spaces. Additionally, we have introduced the notion of strong p-statistical
summability in these spaces and demonstrated that every strongly gradual p-summable sequence
exhibits gradual p-statistical convergence. Lastly, we have defined the concept of p-statistical
Cauchy sequences in gradual normed spaces and elucidated the connection between gradual
p-statistical convergence and gradual p-statistical Cauchy sequences.

Summability theory and the convergence of sequences play significant roles across different
branches of mathematics, notably in mathematical analysis. However, research focusing on
gradual normed linear spaces in this context is relatively nascent and hasn’t garnered extensive
attention yet. The findings presented here could serve as a starting point for future investigations,
allowing researchers to delve deeper into the diverse concepts of convergence in gradual normed
linear spaces.
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